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Electronic Companion
Appendix A: Impact of Time Augmentation

First, recall that the time-augmented process of a d-dimensional continuous-time stochastic process X; =
(XL X2 ..., XH)T eRY, 0<t<Tisa(d+ 1)-dimensional process (Chevyrev and Kormilitzin| 2016
Lyons and McLeod|2022)

X, = (6,X]) = (6, XL X2, X9 (A1)

The time augmentation does not change the core block-diagonal structure between signature components.
In particular, for a d-dimensional Brownian motion X given by (7)), if all signature components with
the time dimension are grouped together, with other signature components arranged in recursive order (see

Definition in Appendix , the correlation matrix for Itd signature of X with orders truncated to K is

given by
Voo Vo1 Voo - Yok
Uio £ 0 -+ 0
\1127() O QQ s O ,
Uko 0 0 -+ Qg

with €2, defined by (I0) and ¥, ,, the correlation matrix between all signature components with the time
dimension and all m-th order signature components without the time dimension.

Similarly, for the Stratonovich signature of a (d + 1)-dimensional time-augmented Brownian motion
given by and (A.T), or the It6 or Stratonovich signature of a (d + 1)-dimensional time-augmented OU
process given by (8)) and (A1), if we group all signature components with the time dimension together and
other signature components together, the correlation matrix for the signature with orders truncated to K can

be given by . . .
0,0 0,0dd 0,even
\Ijodd70 \I’odd 0 ) (A2)
\Ileven,O 0 \Ileven

where W,qq and V..., are defined by (13), ¥ o is the correlation matrix between all signature components
with the time dimension, and ¥ ,qq (W even) 1S the correlation matrix between all signature components
with the time dimension and all odd (even) order signature components without the time dimension.
Simulation. Now we perform simulations to study the consistency of signature using Lasso regression for
the time-augmented Brownian motion. We consider X, the time-augmentation of a 2-dimensional Brownian
motion with an inter-dimensional correlation of p. The simulation setups are the same as in Section
Figure [A.1] shows the consistency rates for different values of inter-dimensional correlation p, and dif-
ferent numbers of true predictors ¢q. The time augmentation generally increases the correlation between
signature components and, therefore, leads to a lower consistency rate for Lasso compared to the case with-
out time augmentation (Figure [[(a)). However, the main relationships of the consistency rate with respect

to p and ¢ remain the same.
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Figure A.1 Consistency rates for the time-augmented Brownian motion with different values of inter-dimensional correlation

p and different numbers of true predictors q. Solid (dashed) lines correspond to the Itd (Stratonovich) signature.
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Learning option payoffs. We also demonstrate the ability of signature to learn option payoffs when
incorporating time augmentation. Following our framework in Section we consider two underly-
ing assets, eight different option payoff functions, and three different types of predictors (Sig, RSam, and
USam). The only difference in this section is that we also include the time dimension when calculating
these three types of predictors.

Figure shows R? as a function of the penalization parameter of the Lasso regression )\, when using
different types of predictors with time augmentation. Similar to our observations without time augmentation
(Figure , both in-sample and out-of-sample R? values for Lasso regression with signature components
as predictors consistently outperform those for Lasso regression with random sampling and equidistant
sampling as predictors.

By comparing Figure and Figure 4] we also find that R? values using signature with time augmen-
tation outperform those without time augmentation, particularly for path-dependent options. This demon-
strates that, although the signature of time-augmentation paths has a lower consistency rate due to the inclu-
sion of more predictors, it is more effective in approximating various nonlinear payoff functions, thanks to

the universal nonlinearity (Theorem [I)).

Appendix B: Technical Details and Examples for the Calculation of Correlation Structures
This appendix provides details and examples for calculating the correlation structures of signature. Appen-
dices [B.T|and [B.2] discuss the Brownian motion and the OU process, respectively.

B.1. Brownian Motion

It6 Signature. Proposition 1| and Theorem [3| in the main paper give explicit formulas for calculating
the correlation structure of the It signature for Brownian motion. The “recursive order” mentioned in

Theorem [Blis defined as follows.

DEFINITION B.1 (RECURSIVE ORDER). Consider a d-dimensional process X. We order the indices of

all of its 1st order signature components as
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Figure A.2 In-sample and out-of-sample R? for learning option payoffs using different types of predictors with time augmen-
tation.
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Then, if all k-th order signature components are ordered as
rioTo ot Tak,
we define the orders of all (k + 1)-th order signature components as
r,1 1,1 oo e, T2 79,20 e TR 2 e ri,d ro,d - Tk, d.

For example, for a d = 3-dimensional process, the recursive order of its signature is
e Istorder:1 2 3
e 2ndorder: 1,1 2,1 3,1 1,2 2,2 3,2 1,3 2,3 3,3
* 3rdorder: 1,1,1 2,1,1 3,1,1 1,2,1 2,2,1 3,2,1 1,3,1 2,3,1 3,3,1
1,1,2 2,1,2 3,1,2 1,2,2 2/2)2 3,2,2 1,3,2 2,3,2 3,3,2
1,1,3 2,1,3 3,1,3 1,2,3 2,23 3,2,3 1,3,3 2,3,3 3,3,3
To provide intuition for Proposition [T and Theorem [3] in the main paper, the following two examples
show the correlation structures of Itd signatures for 2-dimensional Brownian motions with inter-dimensional

correlations p = 0.6 and p = 0, respectively.

EXAMPLE B.1. Consider a 2-dimensional Brownian motion given by (7) with an inter-dimensional corre-
lation of p = 0.6. Figure[B.1(a)|shows the correlation matrix of its It6 signature calculated using Proposition

[I] The figure illustrates Theorem [3}—the correlation matrix has a block diagonal structure, and each block
0.6

of the matrix is the Kronecker product of the inter-dimensional correlation matrix 06 1 )

EXAMPLE B.2. Consider a 2-dimensional Brownian motion given by (7)) with an inter-dimensional corre-
lation of p = 0. Figure shows the correlation matrix of its Itd signature calculated using Proposition
When p =0, the block diagonal correlation matrix reduces to an identity matrix, indicating that all of its

It6 signature components are mutually uncorrelated.

Stratonovich Signature. Proposition [2| and Theorem {4 in the main paper provide formulas for cal-
culating the correlation structure of the Stratonovich signature for a Brownian motion. The following
proposition gives the concrete recursive formulas for calculating E [S(X)?"“’m’s S(X)JrodzmS | and
E [S(X)il""’iQ"’l’SS(X)‘Zl"""j2m’1’s} , which extends Propositionin the main paper.

PROPOSITION B.1. Let X be a d-dimensional Brownian motion given by (7). For any l,t > 0 and m,n €
N*, define fa om(l,t) :=E [S(X);l"“’iQ"’SS(X){I""’jgm’s], we have

1 t
f2n,2m(lv t) = g2n,2m(lvt) + §pj2m—1j2mo-j2mfla-j2m / f2n»2mf2(l’ S)dS, (B'l)
0

INE
an,?m(lvt) = Pisnjom Tion Tjom / f2n—1,2m—1(57 S)ds
0

1

1
+2pi2n_1i2n0i2n_1ai2n/ gzn—z,zm(S;t)dsy (B.2)
0
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Figure B.1 Correlation matrices of signatures for 2-dimensional Brownian motions.
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(a) Itd; Inter-dimensional correlation p = 0.6. (b) It6; Inter-dimensional correlation p = 0.
Oth| 1st 2nd order 3rd order Oth| 1st 2nd order 3rd order
Oth 1 Oth 1
1st 1st
2nd 2nd
3rd g 3rd a
(c) Stratonovich; Inter-dimensional correlation p = 0.6. (d) Stratonovich; Inter-dimensional correlation p = 0.

with initial conditions

fooll,t)=1, (B.3)
Jo.2m (1) = 0. (B.4)

In addition, define fa, 1 9m_1(l,t):=E [S(X);l"'"“" 1’SS(X)fk'l""’J‘Q’“_l’s}, we have

1 t
f2n—1,2m—1(l7 t) = g2n—1,2m—1(l7 t) + §pj2'rn72j2’rn71O-jQ'rn72O-j27n71 / f2n—1,2m—3(l7 S)d87 (B'S)
0

92n—1,2m—1 (lv t) = Piop—_152m—1%i2n-19 jom—_1 / f2n*272m*2(57 S)ds
0

+ %Pign,gign,lgign,gaign,l Al92n3,2m1(57t)d57 (B.6)
with initial conditions
fl,l(lﬂt) = Pi1j10i1 04, (l/\t) (B.7)
ym= 2m—1
91,2mf1(l,t> = Pirjom—1 2ml—1 ((Z /\t_ 1 1 Tiy H T, H Piok—1d2k" (B'8)

Here, x \y represents the smaller value between x and y.
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The following two examples show the correlation structures of Stratonovich signatures for 2-dimensional
Brownian motions with inter-dimensional correlations p = 0.6 and p = 0, respectively, calculated using

Proposition 2] and Theorem []in the main paper and Proposition [B.1]

EXAMPLE B.3. Consider a 2-dimensional Brownian motion given by (7)) with an inter-dimensional corre-
lation of p = 0.6. Figure [B.I(c) shows the correlation matrix of its Stratonovich signature calculated using
Propositions 2] and [B.T] The figure illustrates that the correlation matrix has an odd—even alternating struc-

ture.

EXAMPLE B.4. Consider a 2-dimensional Brownian motion given by with an inter-dimensional cor-
relation of p = 0. Figure shows the correlation matrix of its Stratonovich signature calculated using
Propositions [2] and The figure demonstrates that the correlation matrix has an odd—even alternating
structure, even though different dimensions of the Brownian motion are mutually independent (p = 0). This
is different from the result for It6 signature shown in Example [B.2] where all It6 signature are mutually
uncorrelated.

In this case, assume that one includes all Stratonovich signature components of orders up to K =4 in the
Lasso regression given by (4), and the true model given by (2) has beta coefficients 5, =0, 3; > 0, 52 > 0,
B11>0,812>0,821>0,022<0,and 3, iy.is = Biy.insisis = 0. Let A be the correlation matrix between
all predictors given by Theorem ] Then, by Proposition 2]

AZee g (A% 40) " lsign(B4.) = (0,0.77,0.5,0,0.5,0.5,0,0.5,0.77,1.01,0.73,0.47,0,
0.47,0,0.58,0.73,0.73, —0.58,0,0.47,0,0.47,0.73, —-1.01) ",

which does not satisfy the irrepresentable conditions I and II defined in Definition 4 because | — 1.01| > 1.

B.2. OU Process

Deriving explicit formulas for calculating the exact correlation between signature components of OU pro-
cesses (both Itd and Stratonovich) is complicated. Here we provide an example to show the general approach
for calculating the correlation. The proof of this example is given in Appendix [E} and one can use a similar

routine to compute the correlation for other setups of OU processes.

EXAMPLE B.5. Consider a 1-dimensional OU process X; = Y; with a mean reversion speed x > 0, which

is driven by

dY; = —rY,dt +dW;, Y;=0. (B.9)
The correlation coefficients between its O-th order and 2nd order of signature are
E [S(X)3'S(X):"] B —2kT —e 2T 41
\/E [S(X)O,I] g [S(X)l,l,l] 2 \AkTe 2T 1+ 3¢~ 4T —Ge—2vT — 4xT + 3+ 4r2T2’
T T
E[SX)7"S(X)z"°] V3

VE[SX)E R [s0p57 3
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for It6 and Stratonovich signature, respectively. The proof is provided in Appendix [E]

Figure shows the absolute values of correlation coefficients between the O-th order and 2nd order
signature components calculated using the formulas above under different values of x with 7' = 1. Notably,
the correlation for It6 signature increases with respect to «, while the correlation for Stratonovich signature

remains fixed at v/3/3.

Figure B.2  Absolute values of correlation coefficients between signature components of the 1-dimensional OU process. Solid

(dashed) lines correspond to the It6 (Stratonovich) signature.
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We further perform simulations to estimate the correlation coefficients for higher-order signature compo-
nents of the OU process. We generate 10,000 sample paths of the OU process using the methods discussed
in Appendix [D] For each path, we calculate the corresponding signature components and then estimate
the sample correlation matrix based on the 10,000 simulated samples. Figure shows the simulation
results for the absolute values of correlation coefficients between the first four order signature components
under different values of x. Consistent with the observation in Figure the correlations for Itd sig-
nature increase with respect to «, while the correlations for Stratonovich signature remain relatively stable.
Notably, the correlations for Itd signature are zero when x = 0, which reduces to the results for a Brown-
ian motion. In addition, when « is sufficiently large, the absolute values of correlation coefficients for Itd

signature exceed those for Stratonovich signature.

Recall that the irrepresentable condition, as defined in Definition [4] illustrates that a higher correlation
generally leads to poorer consistency. Therefore, based on Example we can expect that the Lasso is
more consistent when using It6 signature for small values of x (weaker mean reversion), and more con-
sistent when using Stratonovich signature for large values of x (stronger mean reversion). This provides a
theoretical explanation for our observations in Section [4.3] of the main paper—When processes are suffi-
ciently rough or mean reverting (EI Euch et al.|2018|, |Gatheral et al.|2018]), using Lasso with Stratonovich

signature will likely lead to higher statistical consistency compared to [td signature.
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Appendix C: Technical Details for Consistency of Signature
C.1. Tightness of the Sufficient Condition for Consistency

In this appendix, we investigate the irrepresentable condition for It6 signature of a multi-dimensional Brow-
nian motion with constant inter-dimensional correlation. This analysis not only provides further insights
into the irrepresentable condition but also demonstrates the tightness of the sufficient condition presented
in Theorem [5]in our main paper.

The following proposition characterizes the irrepresentable condition for a Brownian motion with con-
stant inter-dimensional correlation when using It6 signature. For mathematical simplicity, we assume that

only the first order signature components are included in the regression model.

PROPOSITION C.1. For a multi-dimensional Brownian motion given by (7)) with equal inter-dimensional
correlation p = p;;, assume that only its first order It signature components are included in (2), and that
all true beta coefficients are positive. Then, the irrepresentable conditions I and Il hold if p € (—

and do not hold if p € (— L)

#AT) T 24 AT

1
)
REMARK C.1. Proposition only discusses the results for p € (—ﬁ, 1).If p< —ﬁ, then the inter-

1 1

dimensional correlation matrix for the Brownian motion is not positive definite.

Proposition demonstrates that the sufficient condition (14)) is tight when the inter-dimensional corre-

lation p is constant and negative. Meanwhile, for p > 0, the irrepresentable conditions always hold but may
not satisfy (14).
C.2. Consistency of Lasso with General Predictors in Finite Sample

In this appendix, we present additional results on the consistency of Lasso with general predictors (not
necessarily signature components) in finite sample.

Consider a linear regression model with N samples and p predictors X, ..., X, given by
y=XB+e, C.1H

where ¢ € RY is a vector of independent and normally distributed white noise with mean zero and variance
o2, X € RN*? is the random design matrix with each row represents a random sample of (X,...,X,)",
y € RY is the target to predict, and 3 € R? is the vector of beta coefficients. Assume that X has full column

rank. Given a tuning parameter A > 0, we adopt the Lasso estimator given by

} (C.2)
1

to identify the true predictors, where X represents the standardized version of X across N samples by the

A ~ A2 A
,BN()\):argmjn{Hy—Xﬁ + A3
B 2

ly-norm, whose (n, j)-entry is defined by
_ X,

" ey
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Therefore, the sample covariance matrix calculated using X is the same as the sample correlation matrix of
X.

Denote by A and A the sample correlation matrix and the population correlation matrix of all predictors
in the Lasso regression, respectively. Because the number of samples, [V, is finite, A may deviate from A.
Therefore, when studying the consistency of Lasso, A may not satisfy the irrepresentable condition even if
A does. Nevertheless, in this appendix, we show that A will satisfy the irrepresentable condition with high
probability.

Our analysis aligns with existing works in high-dimensional statistics. For example, [Wainwright (2009)
assumes that the predictors are normally distributed, while |Cai et al.| (2022) and Wiithrich and Zhu| (2023))
assume a sub-Gaussian distribution. However, these results cannot be directly applied in our setup, because
the predictors in our paper are signature components, which are neither Gaussian nor sub-Gaussian.

We first introduce some notations. Denote the set of true predictors by A*, false predictors by A*°, the
number of true predictors by ¢ = #A*, the population covariance matrix of all predictors in the Lasso
regression by X, the population correlation matrix of all predictors in the Lasso regression by A, the cor-
relation matrix between predictors in sets A and B by A 45, and the volatility of components of ¢ in (C.TJ)
by 0. We also let 3 be the vector containing all standardized beta coefficients of the true model whose j-th

component is given by

The following result shows the consistency of Lasso under the assumption that all predictors have finite

fourth moments.

THEOREM C.1. For the Lasso regression given by (C.1) and (C.2), assume that the following two condi-
tions hold:
(i) The irrepresentable condition Il in Definition 4| holds for the population correlation matrix, i.e., there

exists some y € (0,1] such that || A gec g« A2 4

<1—v;
o0
(ii) The predictors have finite fourth moments, i.e., there exists K < oo such that E[X}]| < K for all
1=1,...,p.
. . . . 4 2Inp
In addition, we assume that the sequence of regularization parameters { \y } satisfies Ay > 7" - Then,

the following properties hold with probability greater than
4 4

8p40-max(0-min + K) —cNX3
(1 T Nevo! (1-dem%)

min

for some constant ¢ > 0.
AN
(a) The Lasso has a unique solution 3 (\y) € R? with its support contained within the true support, and
satisfies

C(242a¢+7) 40
+
2+2aC IC )

2

= h,()\N),

Jo"

B 0w =B _<Ax
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~ N

(b) If in addition min,c »- |B;| > h(\y), then sign(3 (\y)) = sign(B).
Here, Ouin = MiNi<icy Vi Omax = MaXi<icp Vi @ = |[[Agwcas], ¢ = HA;&A* o Cmin =
Apin (A psax) = ﬁ > 0, and £ = min {ggl (m) ,ggl (g‘\%‘) } > 0, where the definition of
gs(+) is given by (I6).

A detailed proof of Theorem [C.I|can be found in Appendix

Appendix D: Additional Details for Simulation

This appendix provides technical details, computational cost, more numerical experiments, and robustness

checks for the simulations conducted in this paper.

D.1. More Technical Details

Throughout our simulations in the paper, we set the time index 0 =ty <ty <---<t, =T witht;, 1 —t, =
At=T/n forany k € {0,1,...,n—1} and n = 100.

Simulation of Processes. We simulate the i-th dimension of the Brownian motion W/, and OU process
Y}, by discretizing the stochastic differential equations of the processes using the Euler-Maruyama schemes
given by

 Brownian motion: W}/

let1

* OU process: Y, , =Y}

1 23

=W, + VAL, Wi =0,
— kY At ++/Atej, Yi =0,
with £}, randomly drawn from the standard normal distribution.
The i-th dimension of the random walk and AR(1) model, both denoted by Z/, are simulated using the
following formulas.
* Random walk: Z}, = =Z; +e;, Z;=0;
* AR(1) model: Z;, = ¢:Z; +¢}, Z; =0,
with e; randomly drawn from

P(ej, =+1) =P(e}, = —1) = 0.5,

and ¢} randomly drawn from the standard normal distribution.

After simulating each dimension of the processes, we simulate the inter-dimensional correlation between
different dimensions of the processes using the Cholesky decomposition. Finally, we generate X using
or (8).

In all the simulations, we set the length of the processes T'= 1, and the initial values of the processes
to zero. These choices have no impact on the results because the signature of a path X is invariant under a
time reparametrization and a shift of the starting point of X (Chevyrev and Kormilitzin/2016).

Calculation of Integrals. The calculation of Itd and Stratonovich signatures requires the calculation of
Itd6 and Stratonovich integrals. By definition, they are computed using the following schemes.

e Itd integral: fOT AdB; ~ Z;é Ay, (B, — By,)s

* Stratonovich integral: fOT AjodB, =Y, 5(Ay, + Ay V(B — By).
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D.2. Computational Details

* The simulations are implemented using Python 3.7.

* The simulations are run on a laptop with an Intel(R) Core(TM) i7-9750H CPU @ 2.60GHz.

* The random seed is set to O for reproducibility.

* The Lasso regressions are performed using the sklearn.linear model.lars_path package.
* Each individual experiment, including generating 100 paths, calculating their signatures, and perform-

ing the Lasso regression, can be completed within one second.

D.3. Impact of the Dimension of the Process and the Number of Samples
Most simulations in Section 4] of our main paper consider the case of d = 2 (dimension of the process) and
N =100 (number of samples).

Figure [D.I] shows how the consistency of Lasso varies with the dimension of the process d, with Figure
for the Brownian motion and Figure [D.1(D)] for the OU process with x = 2. We set the number of

true predictors to be three. Other simulation setups remain the same as in Section . T]of the main paper.

Figure D.1 Consistency rates for the Brownian motion and the OU process with different numbers of dimensions d and different

values of inter-dimensional correlation p. Solid (dashed) lines correspond to the Itd (Stratonovich) signature.
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(a) Brownian motion. (b) OU process.

First, for the Brownian motion, the consistency rate decreases with d. This can be attributed to the fact that
the inter-dimensional correlation of the process leads to stronger correlations between signature components
as more dimensions are included. Second, for the OU process, the consistency rate increases with d because
the inter-dimensional correlation of the process is weaker than the correlation between the increments of
the OU process itself.

Figure shows the relationship between the consistency rate and the number of samples. In general,

we find that the consistency rate increases as the number of samples increases.
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Figure D.2  Consistency rates for the Brownian motion and the OU process with different numbers of samples N and different

values of inter-dimensional correlation p. Solid (dashed) lines correspond to the Itd (Stratonovich) signature.
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D.4. The ARIMA Process

This appendix examines the consistency of signature for the ARIMA(p, I, ¢) model, where p is the lag of
AR, I is the degree of differencing, and q is the lag of MA.

Figure [D.3|shows how the consistency rate varies with p, ¢, and 1. We find that the consistency rate does
not exhibit any apparent dependence on p and g, but does highly rely on /. Specifically, the consistency rate
generally decreases as [ increases due to the stronger correlation between the increments of the ARIMA

processes introduced by I.

Figure D.3 Consistency rates for the ARIMA(p, I, q) with different lags of AR, p, lags of MA, ¢, and degrees of differencing,

1. Solid (dashed) lines correspond to the It (Stratonovich) signature.

1.0 —— =1 1.0 —-— |=1
vogl &—o—eo—0—o6— o o6 I=2 8ogl &—e—e6—9—o o o— -6 =2
& —— |=3 & —— [=3
3 0.6 g===t——A-——mpmccA— A ==A===—Am=s_a__--A 30.61 g~ A———Aecc e Am= A=A p o= A
g g
©w04 w04
a AF— Gy~ SR Sieisi- g 2
So.2 = =& So.2

0.0 0.0

2 4 6 8 10 2 4 6 8 10
p (lag of AR) g (lag of MA)
(a) Consistency rates for different p and I. (b) Consistency rates for different ¢ and 1.

D.5. Robustness Checks

To show the robustness of our simulations shown in Section [4] of the main paper, we present Figures
and which include confidence intervals (shaded regions) for the estimated consistency rates of the

Brownian motion/random walk and OU process/AR(1) model, respectively.
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In Figures|[D.4]and [D.5] we estimate the consistency rate by repeating the procedure described in Section
[A.1] 100 times, and this process is repeated 30 times to obtain the confidence interval for the estimation.
Thus, these confidence intervals are based on 30 estimations of the consistency rate, with each estimation

calculated using 100 experiments.

Figure D.4  Consistency rates for the Brownian motion and the random walk with different values of inter-dimensional correla-
tion p and different numbers of true predictors g. Solid (dashed) lines correspond to the It6 (Stratonovich) signature.

Shaded regions are confidence intervals of the experiments.

1.0 1.0
L2os 2os8
© ©
@ <
>0.6 >0.6
C C
3 3
©0.4 ©0.4
%] "
c c
So.2 So.2
0.0 &=% 2 A—g 0.0 & A=)
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
P P
(a) Brownian motion. (b) Random walk.

Figure D.5 Consistency rates for the OU process and the AR(1) model with different parameters (x and 1 — ¢) and different
numbers of true predictors g. Solid (dashed) lines correspond to the Itd (Stratonovich) signature. Shaded regions

are confidence intervals of the experiments.

0.7 0.7

gt At —6— Q=214
0 0.6
3

—6— q=4
—o— q=6

oA

(a) OU process. (b) AR(1) model.

We observe that the confidence intervals of the consistency rates shown in Figures [D.4] and [D.5] are
narrow. Moreover, the observations made in Sectionlz_fl are consistent with the results presented here, further

confirming the robustness of our findings.

Appendix E: Lemmas and Proofs

This appendix provides the proofs of all theoretical results in this article and lemmas used in the proofs.
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E.1. Lemmas

LEMMA E.1. Assume that ¥ and ¥ are p X p positive definite matrices with diagonal entries {572 }"

_, and

{o2}r_,, respectively, with oy, = min; <;<p, 0; and Oyax = MaxXi<;<;, 0;. Let A and A be P X p matrices

with (i, j)-entries A;; = 3, /(5,6,) and Ay = 34/ (0:0;) for i, j =1,2,...,p, respectively. For € < 02,

if |2 — 2|l <€ we have | A — Ao < gs:(€), where gs(-) is given by (T6).
Proof of LemmalE.d] Foranyi,j=1,2,...,p,
Xi; — Byl <X =Xl <,

which implies that

~

Zij € (EU — €, Eij + 6) .

Hence, for € < o2

min?

€ (\/Uf—e,\/af—ke).

Now we estimate the difference between A,; and A,;. If A,; > 0,

N i” e S—e E”\/O' —1—61/0' +e— €) 0,0,

005 665 0,0 Vo e y/o3 00\ 07 +€/07 + €

Z e(a,?—!—a?-)—i—ez +
2 /2 i ——— €00 ;
2ij (\/Gi +e\/oj+e— O'Z-O']) + €00, ij p /70]2.+6+Wj iTj
< =
= 2 2 2 2
0;0;% 0707
2 2 2
e(o; +O']~)Jr6
SR T, oy 2 2 2
%ij S0, 1 €0i0; (o7 +07)+e € 2e02, + € €
= 2 2 = A - 20202 + <A 254 =
g; J a; Uj 0','0']‘ O min min
Meanwhile,
& . g — 3. 2 _ 2 _
. S, Sy Ew Te 3, (i +e)oio; —Xij\/07 —€ /o] —¢
Aij AU =

0,0, 00 / 0.0; 2 [ 52
i%j %y w/ — % 0,0\ 0; —€,\/0; —€
i (O’Z-O'j — Vo7 —€\Joi — 6) + €005

2 /2
0i0j\/0; —€/]0; —€

(o7 +07)—¢€ €

. (E.D)

=A;;-
’ Voi—e/o? —6(02034—\/71/0 —e) VoZ—e€Jo?—e

SAij (J +J ) €

\/7,/0 —6(0'10']4-\/71/0' —6) e,/a —€
<A, - 2e02,

\/Ur2nin - 6\/O'rzmn —¢€ <Ur211in \/01211in - 6\/O'Ierin - ) \/O'mm B 6\/0n11n o

2

A, - 2e0: ., b €

(0%, —€) (202, —¢€) o2, —¢€

min min

(E.2)
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Combining (EI) and (E.2)), we see

2

. 2e0Z. €
A — A | <A o + .
B = Al < Bu (o S oer e T o e
For the case of A;; <0, one can similarly establish
A 2e0? . €
A — N <A min .
| ! J| o | J’ (O-rznin - 6) (20-12nin - 6) * O-rznin —€
Hence,
. . 2e02,; (p—1)e
JAN P, W Ay — Ay < min . A+ —2
1;9’ ’ / 1§y§#i| ’ 1= (i = €) (2003 — €) 19;;),#1" o Tinin ~ €
20 (p—1)p L (p=De
o (Ur2nin - 6) (201211in - 6) 01211in —€ '
Finally,
A 2e00(p—1)p (p—1)e
A _ A - < min — . D
188l G g @t oz, e

LEMMA E.2. Let A and B be invertible p x p matrices satisfying ||[ — A~'B|| < 1, where I is anp X p

identity matrix. Then,
|42 A- B

A7t =B < .
1—[lA=t]|A-B]

Here, || - || is any specific sub-multiplicative matrix norm.

Proof of Lemma[E2] Since || I — A™'B|| < 1, we have B~'A = (A™'B)"' =3 (I — A'B)".
Thus, B~' =3 (I — A'B)"A~'. Hence,

AT =B =|IT-) (I-A"'B)"A7||=|) _(I-A"'B)"A™
n=0 n=1
S I-A™'B| A~ (A—B)|
< A—l . I_A—IB n _ A—l . ” — A—l .
<[ A7l ;H " =[lA~] 1= [[T— A1 5] [ = [[A-1(A— B)]|
AT 1A-B| _ JlATY]PIA- B

<A™ O

L—[|A-[A=B]  1-[|A[|A- Bl

LEMMA E.3. Let X be a d-dimensional Brownian motion given by (1) or an OU process given by (8). For

any k=1,2,..., there exists a constant \j, < oo such that for all 0 <t <T and i1,...,i;, € {1,2,...,d},
i T\
B (S0 1) <A, (E.3)

and

E (S(X)il 7777 ”k’5>4 <. (E.4)
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Proof of Lemmal|E.3]  The proofs for OU process and Brownian motion are similar, and we will focus
on the case of the Brownian motion. We first prove (E.3) by induction. Let 0y, = max;—; _40;. When

k=1,

.....

E (S(X)i1’1)4 =E(X;")* = 3o 7 < B0y 7 =: A\ < 00.

max

Now, for n > 1, assume that @) holds for all £ < n. Then, for k = n, the quadratic variation of the Itd

signature component satisfies

2

t t
—ot B [ [ (SO0 (SR 1) dud
0 0
t t
ot [ [ B (500 (5011 dwas
0 0
4 /t/t \/E (S(X)“ i 1]>4 E(S(X)“ i 11>4d q
<o, - w Y . Wheetn—1
_O.Zn 0 0 wds
t t
<ot [ [ VRS A duds = a0l
0 0

Thus, by the Burkholder—Davis—Gundy inequality, there exists a constant ¢ < oo such that forall 0 <t <T
and iy,...,1, € {1,2,...,d},

E(S(X); ") < e E([S(X)r W]t)2 <cAp10f P <ehiom TP =1 ), < 0.

max

This implies that (E.3)) holds when k& = n, which completes the proof of (E.3).

Now we prove (E-4)). By the relationship between the Stratonovich integral and the It integral, we have
t
S(X)es = / S(X) k15 o g X ik
R i1ip_1.S qxriy L o ;
:/O S(X) T AX 4+ 3 [S(X)“""”k*l’S,X%]t,

where [A, B]; represents the quadratic covariation between processes A and B from time O to t. Further-

more, by properties of the quadratic covariation,
[S(X)il,..,,ik_l,S’Xik]t _ /t S(X)?,...,ik,g,sd [Xi’“—l,Xi"’]s
0
= Pir_1ix i1 Oip /t S(X)?""’ik”’sds.
0
Therefore,

i1 e ' iy T ! T
S(X);l ,,,,, ig,S :/ S(X)SI""’ k717SdX;k + §pik—1ik0ik—10ik / S(X)Sl"”’ k—Q,SdS. (E.5)
0 0
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We prove (E-4) by induction. Let 0,,,x = max;_; _40,. When k = 1, we have

E (S(X)§1»S)4 =E (S(X)§1’1)4 =E(X/")" =30} 1> <300, 1" =\ < 0.
When k£ = 2, by (E.3) and (E.5), there exists a constant C' such that

- o * L 1
E(S(X)ih”*Sf:E(S(X):“M2pi1i2m1%t> <SE (S<X>1W*’)“+§p§ma ot

1712

<8C’+ —o8 Tr=:)\, < 0.

2 max

For n > 2, assume that (E.4) holds for all k£ < n. Thus, for k = n, we have
2 t
<[ / S(X) - 1SdXMD _E< | (s S)%gﬂm)
t
/ / Jiteesin1:8)2 (§(X)i-in-1:9) duods
/ / i) (X 19)? ) dwds

o 4 o 4

a;*n./ / \/IE S(X)E"“”"”’S> E (S0 ) duwds
o Jo

t t
<ol / / VA dwds = Aot 12,
0 0

Hence, by the Burkholder—Davis—Gundy inequality, there exists a constant ¢ < oo such that forall 0 <t <T
and iy,...,1, € {1,2,...,d},

2

4 2

o ['soonmsaxs) <o ([ [ soopaan] ) <o
t

In addition, we have

4

(s -
_E//// z Sip— 255’( )z Sip— 255( )z anSS( )z win-2,8 Jud sdudo
_/ / / / E(S( z Sip— 235( )z Slp— 255«( )z ,in_z,SS(X>il,...,in_Q,s) dwdsdudy

0 0 0 0

t ' ' ' 1 1 i 4 . . 4
S/ / / / *(E (S(X)ipr-in=25)" L | (§(X)iin-2)

0 0 0 0 4

FE (S(X)i2 ) 4 (S(X)po29) " ) dwdsdudy

u v

t t t t 1
< / / / / — 4\, _sdwdsdudv = \,_ot?.
0o Jo Jo Jo 4

Therefore, by (E.5),

4 4

1
a(stxe ) < ([ 500 s0x) Lot o ([ i)
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1
<8c,_10; t2—|— ol o} An ot

2p1n 1in~ in—1

1
T? 4+ =08 N\, 2T =: )\, < .

max 2 max

< 8c\,_ 0t

This implies that (E.4) holds when k = n, which completes the proof. [

LEMMA E.4. For the Lasso regression given by (C.) and (C.2), assume that conditions (i) and (ii) in
Theorem|C. 1| hold. Then,

~ 1 4p40.4 ( + K)
]P) Amin A % A% ) > 7Cmin 2 1 _ max Inln
( (Baa)z3 > Ng2oh

IIlll’l

holds with £ = g5, ( 2‘:;‘) > 0, and the definition of gs(-) and other notations the same as in Theorem

Proof of Lemma Condition (ii) implies that
4 4
2[5 ===

2
Eii O min J

min

Hence, by Ravikumar et al. (2011, Lemma 2), for any 4, j € {1,...,p},

§><4p max(1+ ot )
>7 < mll’] .

P(’Eij—zij e

Thus,

L Ap’on.(1+ 1)
P> |8 —Sy<€] 21— .

=1

which further implies that

4p4 m4 (1 4 ) 4 4 -4
~ O max ol Do ( +K)
P(E—E o < >>1_ min _ _ | max \%min

H H _g B N§2 N£2 O min

(E.6)
Therefore, by Lemma[E.T| we have

A C(min A C(min Cmin
_ < > — < > <g
(1830 ) o< )or (e (52)

: AP0 (Omin + K)
P( D oo< )>1_ ma.x O min
I lo <€) = Nezoi

Now, whenever || A — Al|, < CI;“‘ holds, we have

11— AG e Aseas o < AL 4Nl 1A 4x 4 — Ay asf

1 A 1
= . A * Ak —A * Ak <
C'min || A ad H2 o C"min

A 1
A=Al <5 <1,
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which implies that

_ 1
1AL 4l S NAZ 4 = At aellz + 1AL el = 1 AT 4 — Agtalla+ 5=
min
1 Chi
B it MR N
1 ﬁ . % Cmin Cmin7

where the second inequality holds because of Lemma Therefore, |A — A, < % implies

~ 1 1
Amin(AA*A*) A 1 > 7Cmin-
ISONRE:
Thus,
~ 1 4p40.4 ( +K)
]P) Amin A A% ) > 7Cmin 2 1_ max mm :
< ( o )_ 2 ) N£2 O min

which completes the proof. [

LEMMA E.5. For the Lasso regression given by (C.I) and (C.2), assume that conditions (i) and (ii) in

Theorem|C. 1| hold. Then,

4 4
<1_1)21_4p Umax( m1n+K)

P([Auendity <1-1 e

holds with € = g5 (
1

__r
¢(2+2al+7)

Proof of Lemma By LemmalE.T]

R " B )
]P’(HA—AHDOSC(Q_’_QOM> <HZ Yoo <95 <<(2+20M>>
ZPO@_EHmS{)Zl—% Tmax (T mm-i-K)

N€2 mln ’
. . A _ ’Y
where the last inequality holds by (E.6). Whenever [|A — Al < 777555, holds, we have
~ ~ ’y
A*c *—A *C*oo< A_Am§—7
~ A~ ’7
A ar = Apipr]|oo SNA = Alfoo £ =—————,
~ ~ ’y
A*C*OOS A*C*oo+ A*c *—A *c*ooga'f‘—,
[Anseaslloo S [|Aurcarfloo +[[Anrear = Agucas| C2+20C 1)

and

||I AA*A*AA*A* <HAA*A* OO'HAA*A*_AA*A*HQOZC’”AA*A*_AA*A* oo
A Y
<CA-Allepe L ——— <1
¢ | T 242al+7y

) > 0, and the definition of gx(-) and other notations the same as in Theorem
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Therefore, applying Lemma [E.2] yields

A 2,__ v
HAA*A*H . HAA*A* _AA*A*HOO < C C(2+2al+7) _ ,-YC
HAA*A*HOO'||AA*A*_AA*A*HOO N 1—C'm 2+ 2a(

1AL 4o = Akt g e <

which further implies that

v ((2+2al+7)

A**OO<A**OO A** A_i*oo< —
1334 loe € 1AL 0 o + A58 = AThacll S 5T = S50

Hence, ||A — Al < Z@ancrsy implies that

+

o0

A A—1
HAA*CA*AA*A*

A A -1 A -1
< HAA*CA*AA*A* _AA*CA*AA*A*
o0

+ HAA*CA*AA*A*

HAA*CA* AZ*A* AA*CA*AA*A*
<A arearlloo - |AGE 4 = AAiA*Hoo

IAZ A lloo - 1A ve 4 = A e e oo +1 =

Y ¢ Y
<la+ : +q- +1—
_< C(2+2a§+’¥)) 2+ 2a( ¢ C(2+2al+7) K
17
5"
Therefore,
A A—1 ’y 4p40-;4nax( m1n+K)
P (Jsrwitn] <1-3) 1 - Hokelotat ) D
E.2. Proofs

Proof of Theorem[2]  For any 6 > 0,

p
D

P(| Lo — Ly| > 1) >P <
=1

p
:P<Z
=1
By Markov’s inequality,
E[S]2
P (151 <6v/pI5T2) > 1~ B (IS > 0V/pIk) 21— =12
0 pHEHQ
E|S||3 t ) 1
5B _,  Vb® o, VL _, -

NN Y G

In addition, applying Markov’s inequality to X = 0||C||.op/[|Z]|2 — [>_5_, ¢:S;| for a sufficiently small

J >n,usuz<wp\zu2>
SIELE <e\/puz||2> P(IS]:<0VPIZR) . E®D

¢S

n > 0 yields

p
]P (
i=1

2
E XS]l <0v/pTE:]  OlICHwpy/TET: ~E 12,

O Cccp/[1Ell2 =7 0|Cllccpv/11Ell2 =1

Si| <n[IIS1l swpuzn2> =P (X 2 01Cllep/ STz — | 1S]l2 < 03/2II%]]
<0\/pI |
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p
=1
Under the condition of ||.S||2 < 8+/p||X||2,
P
Ses
i=1

and by multiplying both sides of the above inequality by |>_._, ¢;.S;| and taking expectations, we obtain

- E (0, e:8)° |81 < 0/PI=T
E ¢iSi| |1l < 0v/plIZ]2| = :
[ 2 TN

Thus, by combining (E.7), (E-8), (E.9), and (E.10), we obtain

Hence,

E[IS0 eSil |11 <6VpISIL] —n
O1Clloep /TSI — |

(E.9)

> 1|18z swpuzuz> >

<[I1Cllse - 15[l < [1Cllse - VPIST2 < O Cllocp v/ II%ll2,

(E.10)

E{( f:lcisi)Q llSll2<6 PHEH2}

1— 1> . TN e -7
b 01C oop/ = — 7

B( Ly Ly| > 1) > (

When 6 is sufficiently large, E [( Y ¢S’

|52 < G\AM} > () because the distribution of S is non-
degenerate. Therefore, (3)) holds. Furthermore, (6) is a direct result of the triangle inequality, which com-
pletes the proof. [

Proof of Proposition First, we have

t
E [S(X); W]:E[/ S(X)i in—ldxgn}zo (E.11)
0

Next we prove E [S (X)irind g (X ) dmo | = 0 for m # n by induction. Without loss of generality,

we assume that m > n. When n =1, for any m > 1, we have

t
= / E [S(X)JIm=1T] p; 5 04,05, ds =0,
0

t
t t
:EK / S(X)p in”dX;‘nH) ( / S(X) J‘mvdegmH)]
0 0

t
_/0 E [S(X)il 77777 1k7IS<X)i1 ’’’’’ ]m71:| pin+1jm+10in+1ajm+1d8 =0.
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n . .
=L TTh, Pinjp 04,0, by induction. When n =1,

nl

t t .
=k |:</ Xml) (/ ngl>:| _/ pi1j10i10j1d3 :tpiljlo—ila—jl'
0 0 o
)it

Now, assume E [S(X)Z@1 """ i IS(X 15 ] Hk 1 PininTi, 05, then

B [S i ,,,,, i”H’IS(X){l ----- jn+1,f}

— |:( il ..... in, IdXZn+1> (/ S .71 ..... In, IdX]n+1>:|
t

i1 ~~~~~ in,I j17~~~7jn-,1] ) . ) )
|: S(X)S pln+1]n+1o-zn+10-]n+lds

n N tn+1 n+1
:/ <n| lekjkaugajk) p7n+1]n+101n+103n+1d3 (n+ 1) Hpikjko—ika—jk'
Therefore, E [S(X)i ! S(X)/V "] = 1T, piin0in s O
Proof of Theorem[3] By Proposition ] for any n,
i1seerin, 1 eeidin, norn n
E [S(X)tl S( )]1 ! ] L Hk—l PiyixOir O i, H o
; i 2 eIk
\/E [S(X)y n’l] E[S(X){" \/ [z oioi, S 1Ty 040y, 0=

implying

E [S(X)i $(X)i]
VE S E s

= Pirn
and
E [S(X)il ..... i"’IS(X){I ..... jn,I] E [S(X)il""’in*l’IS(X){l"”’j"*LI}

) . . . = pln]n . . . . ’
VE[SEO - B [s(x)i1 \/E [sx); ] E [s(x)nr ] i

This proves the Kronecker product structure given by (10).

Proposition T also implies that, for any m # n,

\/E 7,1 ,,,,, in, I:|2E|:S(X>gl ,,,,, jm,I]Q

This proves that Itd signatures of different orders are uncorrelated and, therefore, the correlation matrix is
block diagonal. [
Proof of Proposition[2] Equations
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and
E [S(X);l ..... 19m s SS( )jl 77777 j2m—175:| =0

can be proven using a similar approach to the proof of Theorem 4] Now we prove

2n

B [s(x)p ] = o L Hpm [ (E.12)

by induction. If n = 0, (E.I2) holds because of (B.3) in Proposition [B.I] Now we assume that (E.T2)) holds
for n = j. Then, when n = j + 1, by Proposition [B.1]

. ) t i J
2] 5oy 12<]—+1),S _ 1 1 S
E S(X)t _§pi2j+1i2j+20i2g‘+1Uizj+2 2J j' Hp'LZk 192k Halkds

it Jj+1 2(5+1)

23+1 G+1) IH’O’% 1i2k H Tig-

Therefore, (E.12) holds. [
Proof of Theorem[d}  For the Stratonovich signature of a Brownian motion, this is a direct corollary of
Proposition 2] For both the It6 and Stratonovich signatures of an OU process, we only need to prove that,

for an odd number m and an even number n, we have

for any 4,...,4,, and ji,...,7J, taking values in {1,2,...,d}. Here the signatures can be defined in the
sense of either It6 or Stratonovich.

Consider the reflected OU process, X, = -X,. By definition, X, is also an OU process with the same
mean reversion parameter. Therefore, the signatures of X, and X, should have the same distribution. In

particular, we have
E [S(X)i ™ S(X)f ] =E [S(X); ' S(X)f ] (E.13)
Now we consider the definition of the signature
s = [ aX;; - dxy,
0<t1 < <tm<t
where the integral can be defined in the sense of either Itd or Stratonovich. We therefore have
S(X)jm = §(= X = / (=X -d(=Xr)
0<t1 < <tm <t
(- | AX(E A = (1)),
0<t1 < - <tm <t

Similarly, we have
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Therefore,

and combining this with (E.13) leads to the result. [J

Proof of Theorem[5]  Note that, for a block diagonal correlation matrix A, the irrepresentable conditions
given by Definition [4| hold if and only if they hold for each block. Thus, the first necessary and sufficient
condition for the irrepresentable conditions holds due to Theorem [3] The second sufficient condition holds
due to (E.I8)) in the proof of Theorem because p< m implies « > 0. This completes the proof. [

Proof of Theorem[6]  Note that, for a block diagonal correlation matrix A, the irrepresentable conditions
given by Definitiondhold if and only if they hold for each block. Thus, this result holds because of Theorem
O

Proof of Theorem [/} We use Theorem|[C.I|to obtain the result. Lemma[E.3|implies that the finite fourth-
moment condition for the Itd signature of Brownian motion holds. By Theorem 3] the correlation matrix of

the It signature of Brownian motion exhibits a block-diagonal structure
Al = diag{Qo, Ql; 927 ey QK},
whose diagonal blocks 2, are given by

0L=0202--2Q, k=1,2... K,
N—
k

and €y = 1. Because p = max,; |p;;|, forany k =1,2,..., K, we have max;; {|Qx ;| } < p, where € ;;

is the (1, 7)-entry of €. Hence,
1%, axear oo <#AL P < Gmaxp (E.14)
and

[k, azaz ll2 < VH#AL - 1904747 o0 < VFHAL (L+ (F#AL = 1)0) < Vemax (14 (qmax — 1)p) . (E.15)

Let X = (X4,... ,X#AZ)T € R#4k be any vector of constants satisfying || X||.. = 1. Without loss of gen-

erality, we assume X; = 1. Therefore,

1€, a5 4= X [|oo = [(Qe,ax 4% )11 X0+ + (i, arax )1, a7 Xgpar
= |1+ (a5 a)12X2 4+ + (U ax a0 )1 a7 Xgpar
> 1 — (a0 a0 )12 X0 — - = [(Qp, a0 a0 ) 1,443 Xpar |

Z 1- (#Az - 1)p2 1- (qmaxi 1)pa
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which implies that

1 1
Q * A% - N S ) (E16)
e e = T X = T (g~ D
Gmaxp
Qe axe ax S e ax lloo < |2k, a%c 4% || o Q iqr oo L ——m . (E.17)
190100095 e el < 1o 12 e < e
Equations (E-14), (E-13), (E-I6), and (E-I7) lead to the parameters for Theorem [C.1] given by
a=||Axxca H = 1%&’% |2k, axe A HOO < GmaxP;
1
— * A* — * A% < 3 /. 1N
=125 4 o = e 1% a e < 7=,
1 1
Cmin = Amin(AA*A*) - =
1A 4l maxicrer 12 e aell2
> 1 > 1_((11‘11&)(_1)/)7
maxi)<g<k +/ qmaxHQk A*A*Hoo v/ Qmax
1 (zqmax - 1)P
= - *C A* * A% > . .
7= 1511&{1 192 4vc - e a }— 1= (Gmax — 1)p E-18)

Plugging these into Theorem [C.1|leads to the result. [

Proof of Theorem[§] Theorem [ implies that the correlation structure can be represented by
diag{¥sdd, Yeven - Lemma implies that the finite fourth-moment condition for Stratonovich signature
of Brownian motion holds, while Lemma [E.3|implies that the finite fourth-moment condition for both Ito
and Stratonovich signature of OU process holds. Combining these with Theorem [C.1] leads to the result.

O

Proof of Proposition[B.1} Forany [,t>0and m,n=0,1,..., define

Frm (1) ;= E[S(X))r 2 5 (X Imo] |

t
gn,m(l,t) —F |:S(X);1 ,,,,, in,S/ S(X)él ..... jm—17Sngm:| .
0
Then, by (E.3)) in the proof of Lemma[E.3]and Fubini’s theorem,

fn:m(lvt)_E[S(X)zl ..... anS( ) ..... jm,S]
i ([ i 00

1 ) .
=9n,m(l,t)+Qij_lijjm_lajm/E[S(X)f """ z"SS(X)i1 """ Im=25] ds

1
:gmm(l,t) + 2pjm—1jmajm—10jm/ fn7m_2(l,8>d$.
0
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This proves (B.I) and (B:3)). In addition, by Itd isometry and Fubini’s theorem,

=E

1
(/ S 7, Sln— 1Sdin_'_2pzn inTi, 1O /S T yeeesin— 2Sds)

INt

1 l
=PinjmTinCjm Jn—1m-1(s,s)ds+ QPin_linUz'n_lffz’n/ Gn—2.m(s,t)ds.
0 0

This proves (B.2) and (B.6).

Now we prove the initial conditions. First, follows from the definition of 0-th order of signature.

Second, (B:4) follows from the property of Itd integral

Third,

l t
) = (50075007 <& [ [ 1eaxs [1oaxs]
0 0
=E [Xlletjl] = Pi1j10i1 04, (l /\t)v

which proves (B.7). Fourth, by Itd isometry,

t
a1 = [ SO0 [ s smssaxn]

=E /lodX“/ S(X )t j2m—27Sde2m—1:|

:E/ XH/S '1 ----- j2m—2»SngQm—1:|

INt
:/ E [S(X)Ird2m=25] p, 50 03,04y, ds
0

Int

= Pitjom—-19i109m—1 fO,Qm—Q(Sﬁs)dS'
0
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In addition, by using (B.T)) recursively, we can obtain that

2m—2

) m—1n H Pisk—172k H O, -

fO,?m—2(37 S)

Therefore,
2m—1

1 l/\t
gl,mel(l’t) Pir jam— 12m 1 1) 011 H O Hp]2k 1J2k

which proves (B:g). O
Proof of Example[B.3]  The solution to stochastic differential equation (B.9) can be explicitly expressed
as

t
yt:/ e FUSqW,, >0,
0

where W, is a standard Brownian motion. Therefore, by It6 isometry, Y; is a Gaussian random variable with

t —2kt
_ —Ii(t—s) 2 _ 1 - e
./o [e ] ds o

Now we calculate the correlation coefficient for its Itd and Stratonovich signature, respectively.

zero mean and

2

t
Var(t,) = [?] < | [ e-aw.]
0

[t6 Signature. By the definition of signature and (B.9),

E[S$(X);"] =E [/OTYtdYt} = —kE UOT det} +E [/OT Ytth} = —R/OT}E (Y] dt

T —2xt —2KT
1—e T 1-—e
- _ dt=-—-— 4+ - E.19

K/O 2K 2 + 4K ( )

For the second moment, by It6 isometry,

2 2

T T
E[S(X)4]" = E{ / YtdYt] - [ / Y2dt + / Ytth]
_ﬁ// E [Y2V2] dtds — 2E [/ det/ Ytth} /E[Yﬂdt
=:(a) — (b) + (¢).

It is easy to calculate Term (c):

T T 2kt —2xT
1—e T e -1
= E[Y?]dt= —dt= _— E.2
© /0 [ t] /0 2K 2/£+ 4K2 (E.20)

To derive Term (a), we need to calculate E [Y;?Y?]. Assume that s < ¢ and denote M; = fot e™dW,, we
have Y, = e~ **M,, and therefore
E [Y;?Y'SQ] — 6—2n(t+s)E [MEME] — 6—2m(t+s)E [(Mt o M@ + Mg)2MS2:|
= e ) [E [(M, — M,)*MZ] +2E [(M, — M,)M?] +E [M}]] .
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t . . . . .
Because M, — M, = [, e*dW, is a Gaussian random variable with mean 0 and variance

t 2kt 2Ks
2 (& — e
— e au=
s 2K

2

t
Var(M, — M,) =E [(M, — M,)’] =E [/ e”“qu]
and M, has independent increments, we have
E [Y2Y?] =e 24 [E [(M, — M,)*] E [M?] +2E [M, — M,]E [M?] + E [M}]]

eZkat _ 62,'{8 eQns -1 eZns -1 2
. 0+3
2K 2K o < 2K ) ]

—2kt+2Kks __ ,—2KS __ —2Kt —2kt—2Ks
1+2e e oe +3e
4?2

—2k(t+s)

=€

when s < t. One can similarly write the corresponding formula for the case of s > ¢ and therefore

(a)—m/ / Y2Y2 dtds

T2 + 10T672I{T N 3674HT i N 3672:1T
! 2Kk 4k2 4k2 2K2

For Term (b), note that
T T T T
2kE [/ det/ Ytth] —2/-@/ E [Yf/ Ytth} ds,
0 0 0 0

dY? =2Y,dY, +d[Y, Y], = —2kY2ds + 2V, dW, +ds,

By It6’s lemma,

which implies that

Yf:—%/ deu+2/ Yuqu+/ du.
0 0 0

Therefore, for s < T, with the help of Itd isometry and (E.20), we have

f(s)=E {Y / TYtth}

s s s T
=E [(2/{/ deu—i—Z/ Yuqu—i—/ du>/ Ytth]
0 0 0 0
s T s
:—2,‘@/ E(Yf/ Y}th> du+2/ E[Yﬂ dt+0
0 0 0

—253 -1
= —2/@/ flu)du+ — + ,
2kK2
and taking derivatives of both sides leads to
df 1 672115
- =-2 —— .
ds rf(s)+ K K

Solving this ordinary differential equation with respect to f with initial condition f(0) = 0, we obtain that
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Therefore,
T T —2rT —2rT __ 1
(b) = 2 / £(s R .
K K
Finally,
T€—2nT 36—45T 36—2»@T T 3 T2
E[S(X)L" = b = — - —. E.21
S =@ -+ @ =+ e e T e T E21)
Therefore,
E[S( )OIS( )111] ]E[S(X)lll}
\/E[S(X)T:] |: 111 \/E 11]
B —2kT —e 2T 41
N VAkTe 25T 1 34T — Ge—26T — ApT + 3+ 4rx2T2’
where the 0-th order of signature is defined as 1.
Stratonovich Signature. The Stratonovich integral and the It6 integral are related by
t
/ Asost:/ A, dB,+ = [A BJ;.
0 0
Therefore,
T T T
S(X)p® = / lodY, = / 1dY; + [1 Y]r = / 1dY; = S(X) ;' = Yo,
0 0 0
and
T T T 1 T
X))o = / S(X)y%odY, = / Y,odY, = / VY, + 5[V, Y]r = S(X)ph + ox
0 0 0
where we use the fact that [1,Y ] =0 and [Y,Y]r = T. Now by (E.19) and (E.21)), we have
T 1—e 27T
E[S(X)p"] =E[S(X)3"] + 5 = ———
[SOY] = B[SO+ =10
and
712
B (500" =& | s005 + 3
T 3(1—e 212
_ES(X)LMT TES(X):] 20 —
[S( ) ] + [S( )T ] 4 16k2
Therefore,
E[SXPSXF] V3 _
= ?.

VE X)) E[S(X)3]°
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Proof of Proposition|C.1} Let a = #A; and b = #A;°. Under the equal inter-dimensional correlation
assumption, we have ¥ 4« 4+ = (1 — p)I, + pl,1), where I, is an a x a identity matrix and 1, is an a-
dimensional all-one vector. In addition, X gxc 4+ = plblz, where 1, is a b-dimensional all-one vector. By
the Sherman—Morrison formula,

1 I p
I=p" U=p)(i+(a-1p)

Therefore, since all true beta coefficients are positive, we have

1,1, .

EZ*,A* =

ap

EA*C,A* EZi’A*Sign(,@A*) = mla.
Hence, the irrepresentable condition
P alp|
HZA*C,A*EAl,A*Slgn(BA*) ‘ = m <1

holds if and only if % < 1. One can easily verify that this holds if p € (— 55 and does not hold

1

ifpe(— A* 'y~ 3% A*] ThlS completes the proof. [

Proof of Theorem|C.1} For £ = min {gg <m> - (g%‘) } > 0, Lemmas and imply

that

4ptod K
Cmin >1— 14 Umax( O min + ) ,
N£2 Omin

A A — 4 max m1n+K
(] <1-3) 21 e

N =

P <Amin(AA*A*) >

Hence,

~ 1
AA*CA*AA*A*

R 1 8 4 4 K
]P <Amin(AA*A*) 2 icmh” S 1 —_ ;) Z 1 _ p dex( mm + ) (E22)

N§2 mm

Equation (E.22) gives the probability that the conditions of Wainwright/ (2009 Theorem 1) hold. Therefore,
applying [Wainwright| (2009, Theorem 1) yields the result. [
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