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ABSTRACT ARTICLE HISTORY
Sustainable investing involves balancing traditional investment strate- Received 14 December 2025
gies with environmental, social, and governance-related (ESG) objec- Revised 19 May 2026

tives to improve long-term outcomes. We develop a stochastic control ~ Accepted 20 October 2026

framework for constructing optimal multi-period dynamic ESG portfo- KEYWORDS

lios, in which investors form dynamic portfolios by maximizing utility Sustainable investing;
functions that account for both profitability and the average ESG scores environmental, social, and
of their portfolios in the near and distant future. We provide an explicit governance (ESG); dynamic
solution to the investors’ utility maximization problem, and show that portfolio theory; transaction
the optimal weight is a linear combination of three components: a costs

financial performance component, an ESG component, and a compo-

nent reflecting the weight from the previous period. Using the U.S.

stock market data, we find that the multi-period dynamic ESG portfolio

outperforms single-period portfolios in terms of returns, Sharpe ratios,

alphas, and information ratios. Our article extends dynamic portfolio

theory in the context of sustainable investing, and provides guidance

to practitioners on tailoring ESG portfolios to their specific preferences

and to market conditions related to ESG.

1. Introduction

In recent years, sustainable investing — which balances traditional investing with environ-
mental, social, and governance (ESG) objectives to improve long-term outcomes - has gained
considerable attention from investors. In line with the increasing concerns about global
warming, as of October 2025, more than 130 countries have committed to carbon-neutrality
targets in various forms, representing approximately 79% of the world’s population and 77%
of global GDP, according to a tracker co-led by Oxford Net Zero.! As BlackRock CEO Larry

CONTACT Chaoyi Zhao @ zhaochaoyi@pku.edu.cn @ School of Mathematical Sciences, Peking University, No. 5
Yiheyuan Road, Haidian District Beijing 100871, People’s Republic of China

1 For example, the United States, the United Kingdom, and Japan have committed to net carbon neutrality by 2050, China by
2060, and India by 2070; see https://zerotracker.net. For more details on net-zero commitments at the firm level, see Bolton
& Kacperczyk (2026).
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Fink wrote in his 2022 letter to CEOs, global warming has led to an accelerating ‘tectonic
shift of capital) and the transition to carbon neutrality ‘will not happen overnight’?

The long journey to carbon neutrality requires sustainable investors to construct long-
term green portfolios. However, researchers and investors typically build portfolios based
on single-period mean-variance optimization with average ESG or emission constraints, and
apply this methodology annually over long horizons (Pastor et al., 2021; Pedersen et al., 2021).
Such an approach, while analytically tractable, implicitly assumes that portfolio rebalancing
decisions are independent across periods. As a result, it may overlook critical features of real-
world investing, such as changes in the underlying market environment, the persistence of
firms’ ESG performance, and the transaction costs associated with frequent rebalancing (Li
et al., 2022).

Instead of repeatedly applying single-period models, can we directly construct a multi-
period dynamic green portfolio that incorporates the future dynamics of ESG scores and
transaction costs? Framing this problem in a multi-period setting is more appealing because,
in practice, active portfolio managers make a sequence of rebalancing decisions rather than
solving independent one-shot problems each year. Multi-period models offer advantages over
single-period models by explicitly accounting for two features that are central in ESG invest-
ing. First, firms’ ESG performance is highly autocorrelated (Bolton & Kacperczyk, 2021; Lo
et al., 2022). Modelling this persistence allows current ESG information to be carried for-
ward in a disciplined way, improving forecasts of future portfolio greenness and enabling
investors to plan their ESG exposure over the investment horizon rather than treating each
period in isolation. Second, portfolio rebalancing is costly in reality. A multi-period frame-
work incorporates transaction costs directly and therefore chooses not only what portfolio
to hold, but also how to move from current holdings to future desired holdings, optimally
trading off expected returns and risks, long-horizon ESG impact, and the costs of adjusting
the portfolio over time.

In this article, we develop a stochastic control framework for constructing optimal multi-
period dynamic ESG portfolios. We consider a universe of firms with regularly updated ESG
scores, and investors form dynamic portfolios by maximizing utility functions that account
for both profitability and the average ESG scores of their portfolios in the near and distant
future. Transaction costs arising from regular rebalancing are also incorporated. Our frame-
work aligns with a number of multi-factor asset pricing models, such as the Capital Asset
Pricing Model (CAPM) (Lintner, 1965; Sharpe, 1964), the Arbitrage Pricing Theory (APT)
(Ross, 1976), and the Fama-French factor models (Fama & French, 1993, 2015). In addition,
it allows for arbitrary investor preferences regarding the ESG scores of their portfolios, and
can describe positive, negative, or zero correlations between assets’ ESG scores and expected
returns. This generality makes our results widely applicable to different types of markets,
investors, and ESG metrics.

Under this framework, we provide an explicit solution to the utility maximization prob-
lem. In particular, we find that, in each period, the optimal weight is a linear combina-
tion of three components: a pecuniary component, an ESG component, and a component
reflecting the weight from the previous period. This result sheds light on the key decision
faced by ESG investors — a trade-off between future returns/risks, future greenness, and
transaction costs. The first two components are forward-looking, depending on investors’

2 See https://www.blackrock.com/corporate/investor-relations/larry-fink-ceo-letter.
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estimates of future asset returns and the dynamic behavior of ESG scores. The last compo-
nent is backward-looking, reducing transaction costs by partially retaining previous portfolio
weights.

We further demonstrate that the relative proportions of these three components in the
entire portfolio vary with investors’ profit preferences, ESG tastes, and transaction costs.
For example, investors with strong pecuniary preferences increase the proportion of the
pecuniary component, while those with strong non-pecuniary preferences increase the pro-
portion of the ESG component. If investors face higher transaction costs, they increase
the proportion of the last-period-weight component. These findings provide guidance to
practitioners to tailor their portfolios based on specific preferences and market conditions.

Finally, we illustrate our results empirically in the U.S. stock market. We employ the LSEG
dataset, which includes annually updated ESG scores for approximately 3,000 U.S. compa-
nies from 2002 to 2024. We construct annually rebalanced long/short portfolios based on
ESG scores and evaluate their financial performance. We then compare the portfolios formed
using our dynamic ESG portfolio framework with their single-period counterparts and with
those constructed using traditional single-period mean-variance optimization subject to ESG
constraints, as proposed in the recent sustainable investing literature (Lo et al., 2022; Pas-
tor et al., 2021; Pedersen et al., 2021). Our findings reveal that the multi-period dynamic
ESG portfolio outperforms single-period portfolios in terms of returns, Sharpe ratios, alphas,
and information ratios, thanks to its optimal multi-period trade-off between profitability,
greenness, and transaction costs.

Related Literature. Our article is related to several strands of the literature. We focus on
sustainable investing from the perspective of portfolio construction. There is a vast literature
on green portfolios and their asset pricing implications, including, for example, Albuquerque
et al. (2019), Idzorek et al. (2021), Pastor et al. (2021), Pedersen et al. (2021), Zerbib (2022),
Flora and Tankov (2023), Lo et al. (2024), Lo and Zhang (2024), Lo and Zhang (2025), Gold-
stein et al. (2025), and Yang et al. (2025). See Tankov & Zhang (2025) for a recent review.
However, this body of work predominantly considers single-period optimal portfolios with
green constraints, without incorporating multi-period dynamics.

Jiao and Liu (2025) consider a multi-period portfolio optimization problem with ESG con-
siderations. Our study differs from Jiao and Liu (2025) in three key aspects. First, we adopt
a discrete-time framework, which is widely used in portfolio rebalancing practice, whereas
they employ a continuous-time framework. Second, our model explicitly incorporates trans-
action costs. Third, we conduct an empirical analysis using data from approximately 3,000
U.S. companies over more than 20 years.

From a theoretical perspective, our article extends dynamic portfolio theory. Samuel-
son (1969) formulates and solves a multi-period portfolio selection problem under a utility
maximization framework. Li and Ng (2000) make a breakthrough in solving the dynamic
mean-variance problem for the multi-period case using dynamic programming. Subsequent
research further examines the impact of transaction costs and the uncertainty of market evo-
lution on dynamic portfolio selection under the multi-period case. For example, Géarleanu
and Pedersen (2013) derive the optimal dynamic portfolio policy when trading is costly and
asset returns are predictable by signals with different mean-reversion speeds. This framework
is further extended in Glasserman and Xu (2013) by considering the robustness of the port-
folio to the uncertainty of market evolution. Other related literature on dynamic portfolio
theory includes Sun et al. (2006), Brown and Smith (2011), Dybvig and Pezzo (2020), and
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Li et al. (2022). Our article extends dynamic portfolio theory in the context of sustainable
investing.

Our empirical study also contributes to the growing literature on measuring the returns of
ESG investing. Bolton and Kacperczyk (2021, 2023) and Bolton et al. (2022) find that higher
stock returns and lower price-to-earnings and market-to-book ratios are associated with
higher levels and growth rates of carbon emissions, both in the U.S. and internationally. Chen
et al. (2025) consider the optimizing portfolios under carbon risk constraints. In the ESG
investing literature, several studies report neutral or positive performance for green portfo-
lios (Berg et al., 2024; Lindsey et al., 2025; Lo et al., 2024, 2022; Pastor et al., 2021, 2022).
Other empirical literature on ESG includes Bansal et al. (2022), Blitz and Fabozzi (2017),
Chan et al. (2020), Galema et al. (2008), Madhavan et al. (2021), and Renneboog et al. (2008).

Notation: In this article, we denote by AT the transpose of a vector or matrix A, and by

iid.
E[X] the expectation of a random variable or vector X. We use X1, X5, ..., X, = N, X)
to represent that random variables X;, X», .. ., X, are mutually independent and identically

distributed (i.i.d.), following a joint normal distribution with expectation u and covariance
matrix X. We use I to denote the identity matrix. All vectors are assumed to be column
vectors unless otherwise stated.

Outline. The remainder of this paper is structured as follows. Section 2 introduces the
multi-period dynamic ESG framework and provides the explicit solution to the optimization
problem. Sections 3 and 4 present numerical experiments and empirical studies, providing
intuition and illustrating the model’s applicability. We conclude in Section 5 and provide
proofs in the Appendix.

2. The multi-period ESG framework

In this section, we introduce our multi-period dynamic ESG investing framework. Section 2.1
introduces our assumptions about asset returns and ESG scores. Section 2.2 describes
investors’ behavior in forming optimal multi-period portfolios. Section 2.3 provides the
explicit solution to our framework.

2.1. Assetreturns and ESG scores

Assume that an investor is considering investing in a financial market consisting of n + 1
assets that includes a risk-free asset and n stocks, over the period from time 0 to time T. For
k=1,2,...,T,letr, = (r]l, ri, e r]’j)T denote the vector of random returns of the # stocks
from time k—1 to time k, and let R = (r]i -, r]% -, rZ — rf)T denote the vector of
excess returns beyond the risk-free rate, /. At time k, for i = 1,2,...,n, the ith stock has
an observable ESG score, g,i, where a positive value of g,i corresponds to a green stock with
positive social impact, while a negative value corresponds to a brown stock with negative
social impact. Let g = (g}, &7 . - - ,gl’:)T.

From time k—1 to k, assume that the excess return vector follows a multi-factor model
with p common factors and the ESG factor:
iid.

Rp=Bfi +cgr1 + e {en)i, = N0, Zo), (1)
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where B € R"*? is the constant factor loading matrix, fy € R? is the vector of common factor
returns, gx—; € R” is the vector of observable ESG scores at time k—1, and ¢; € R" is the
residual term. The parameter ¢ is a constant. In particular, ¢ > 0 implies that green stocks
yield excess future returns, whereas ¢ < 0 implies that the positive ESG impact may hurt stock
returns. In this setting, fi represents the collection of common factors, while the ESG scores
gk—1 can be viewed as observable idiosyncratic factors.

The term cgx_; is intended as a parsimonious reduced-form specification of the empirical
relation between ESG characteristics and future stock returns. This linear specification is con-
sistent with the empirical asset-pricing literature, where ESG scores are commonly included
as firm-level characteristics in linear predictive regressions, Fama-MacBeth regressions, or
multi-factor panel models of subsequent stock returns (Alves et al., 2025; Escobar-Saldivar
et al., 2025; Liu et al., 2022). The empirical evidence is mixed: some studies find that higher
ESG scores predict neutral or higher subsequent returns (Alves et al., 2025; Berg et al., 2024;
Lindsey et al., 2025; Lo et al., 2024, 2022; Pastor et al., 2021, 2022), while others find that
higher ESG scores are associated with lower expected returns (Bolton et al., 2022; Bolton
& Kacperczyk, 2021, 2023; Escobar-Saldivar et al., 2025; Liu et al., 2022). Therefore, we do
not impose any sign restriction on c¢. The case ¢ > 0 corresponds to the view that ESG per-
formance contains favorable information about future fundamentals, whereas ¢ < 0 captures
the case in which investors are willing to accept lower expected returns for holding greener
stocks or in which brown stocks command a compensation premium (Pedersen et al., 2021).

The factor returns are assumed to follow the mean-reverting process:

fo=F+T=W)cr =D +m0 b, = N, Zp), @)

where f € R? is the long-run mean of the factor returnsand ¥ € RP*? is the mean-reversion
coefficient matrix. We define i := Bf € R" and f; := fi — f. Given all information at time k,
the covariance matrix of Riy1 is X := BXpB' + ..

Equation (2) characterizes the dependence of the factors over time. In particular, factor
returns, including the Fama-French factors, have been shown to exhibit serial dependence
and factor momentum. Ehsani and Linnainmaa (2022) document that most factors are posi-
tively autocorrelated and that factor momentum helps explain individual stock momentum.
Relatedly, Petkova (2006) shows that the Fama-French factors are correlated with innovations
in predictive state variables, and the strategic asset allocation literature commonly mod-
els factor variables using vector autoregressions to capture return predictability (Campbell
et al., 2003; Garleanu & Pedersen, 2013). When W = I, the factor returns are i.i.d. over time
with mean f and covariance matrix Zp.

As documented by Bolton and Kacperczyk (2021) and Lo et al. (2022), the time series
of ESG scores exhibit strong autocorrelations. Therefore, we assume that the dynamics of
{gk}]z:_ol follow a mean-reverting process:

Ad.

g=0— g1 +eo  fad T N©,Q), 3)

where ® € R"*" is the constant mean-reversion coefficient matrix, which characterizes the
stability of the ESG scores. We further assume that {8k}{:_11 , {ek}lzzl, and {nk}lzzl are mutually
independent.

Equation (3) provides a parsimonious way to capture the gradual adjustment of firms’
ESG profiles, since ESG ratings are typically updated through changes in corporate policies,
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disclosure practices, controversies, and industry-relative assessments rather than through
purely transitory shocks. It is also consistent with empirical work that models ESG-score
dynamics using autoregressive or rating-migration-type specifications. For example, Wedajo
etal. (2024) explicitly study the dynamics of firm-level ESG scores using an ARMA-type spec-
ification, while studies on ESG rating migration and ESG rating dynamics document that
ESG ratings evolve persistently over time rather than independently across periods (Chen
& Lin, 2026). Moreover, major ESG rating providers (e.g., LSEG, S&P Global, and MSCI) con-
struct ESG scores as bounded and often industry-relative measures, which further motivates
a stationary mean-reverting specification rather than a nonstationary random walk.

2.2. Investor behavior

An investor manages her investment from time 0 to T. For k =0,1,..., T, let x; denote
the investor’s wealth at time k. Denote by u! the fraction of wealth invested in stock i from
time kto k+ 1, and let u, = (u}(, ui, R uZ)kr. The fraction of wealth not invested in stocks,
1->7, u};, is allocated to the risk-free asset.> Therefore, without considering transaction
costs, xy follows the wealth dynamics given by

n n

t . . T

POt = s+ ! (1 -> ,”;‘) + D Xkt e = 2L+ 1) xR
i=1 i=1

However, in practice, trading is associated with transaction costs, including brokerage com-
missions, bid-ask spreads, and other market frictions such as taxes and regulatory fees.
Following Garleanu & Pedersen (2013), we assume that the transaction costs are quadratic
in the trade amount. After incorporating these costs, the wealth process becomes

1
.
Xp1 = X — 5(1 + ) Cotare — xi—1uak—1) T A (ke — X1 Ug—1)

1
= xe(1+7) + kal—cr—H”k - 5(1 + ) Corage — xp—1k—1) T A (gt — Xg—1tk—1), (4)
where A is a symmetric positive definite matrix measuring the level of trading costs.*

We assume that the investor follows a multi-period dynamic ESG investment framework
and adopts an exponential utility function as the objective (Jiao & Liu, 2025):

T-1
max [E|—expl| —yxr— d(1 — pYexg u ) 5
UQsUT 5. UT—1 p VXT ; ( p) kgk k ( )

The utility function (5) balances financial returns and ESG preferences. The first term, y xr,
represents the terminal wealth, where y > 0 is the pecuniary preference parameter. The
second term, Z{;Ol d(1 - p)kxkg];r uy, represents the discounted cumulative ESG impact
of the portfolio, where d > 0 measures the strength of ESG preference and p € [0, 1) con-
trols the discount rate over time. Different values of y and d reflect different pecuniary and
non-pecuniary preferences of the investor.

3 A negative value of 1 — >, uf( implies that the investor borrows the risk-free asset.

4 As discussed in Garleanu and Pedersen (2013), A can be regarded as a multidimensional version of Kyle's lambda (Kyle, 1985).
In addition, the empirical literature generally finds transaction costs to be convex (Lillo et al., 2003), with some researchers
explicitly estimating quadratic trading costs (Breen et al., 2002).
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2.3. Optimal portfolio weights

The solution to the optimization problem (5) is given in the following theorem.

Theorem 2.1: The solution to the optimization problem (5) is

1 _ ~ _
Uk:x_kalI:Pkgk+Hk,U+]kfk+xk—1V(1+T’f)T kAuk_l], k=12,...,T

where Qx € R™", Py € R"™", H, € R"*", and Ji € R"*P are defined recursively backward

by
Qo1 =y A+ ) TFHIA 4920 + /) T-Pg, 2B,
+ AU N Ui+ AW NS W,
Py = [d(l = e+ 126 - @)
AU N[ Ugs — 4W] NS W,
Hiy =y (1 +#) " —2F - 4Uz,kNICU/1’k — AW N Wk
Jier =y L4+ HTFBUI — W) — 2K (I — )
AU NL U — AW NS Wy,
Ay = (I — ®)TA(I — D) + 2Ug’kN£ Ug -+ 2W (NS W
~ PLIQE P
Ske1 = (I — W) TSiI = W) + 2U], N, Up g + 2W/ NS W
- %];;F_IQk__llfk—la
Eioy = (I — ®) T Ex(I — W) + 2U] N Uy + 2W, NS W

1 T -1
- EPk—IQk—IJk_l’

o

e

L
|

1

S [y (14T — 21 4 rf)z(T—k+1)AQk—_llA] ’
1 _ _

Gt = =57 L+ ) THAQL Py,

1 _ _
Ken=—27(1+ THFIAQ! Tkt

(I = ®)T D+ 2U N Uy + 2W NEW,

>
L
I

- EP,I_IQ;_llHk_l,
_ T Af T A%
Ly =L(I-Y)+ 2Uﬂ7ka Urk + ZW#’ka Wrk

1 _
- EH,I_IQ,(_IIJk_l,

(8)
)

(10)

(11)

(12)

(13)
(14)
(15)

(16)

(17)

(18)
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1 _ _
Fey==2y(1+ TR IAQY Hiot, (19)

1 1 -
hio = = S In |1 2572522 = S In|1 - 202402

+ 20 TUL N Ut + 20T WL NSW, e
1

~i L QL Hie g, (20)

where
N =3} (1 _ zz}/zskzj/z)_l sy2
Uk =K — %V (1 +)T*BT,
Ugk = B (I - D),
Urk = Sk(I =),
Uk = L,I,
Ay = A+ 2ENLE],
N¢ = Q2 (1 - 207,037 @12,
Wk = Cf + 2ENLUps,
Wk = Ax(I — @) + 2EN, Uy,
Wik = Ex(I — W) + 2E:NL Uy,
Wik = Di + 2ENLU, .

Here, Ay, By, Ck, Dk, Fx, Qk, Pr, H € R"™", S € RP*P, Ei, Ky, Li, Jk € R"*P, and hy sat-
isfy the boundary conditions Ar =Br =Cr=Dr=Fr=Qr=Pr=Hr=Sr=Er=
Kr=Lr=]Jr=0andhy = 0.

Theorem 2.1 has three important implications. First, according to (6), the optimal portfo-
lio weights can be divided into three components — an ESG component, Pigi; a component
related to financial performance (the FIN component), Hxu + Jifx; and a component related
to the weight in the previous period (the PRE component), x,_17 (1 + #)""¥Au;_;. The
ESG and FIN components are prospective, reflecting expectations about future excess returns
and the evolving trajectory of ESG scores. The PRE component is retrospective, mitigating
trading costs through inertia in portfolio adjustments. This combination of forward-looking
and backward-looking considerations illustrates the key advantage of our multi-period
framework over static models.

Second, the FIN component itself can be further decomposed into two parts: the long-
run component, Hix, which depends on the long-run mean of the factor returns, x, and
the short-run component, Jifx, which captures the current deviation of the factor returns
from their long-run mean, f;. This decomposition shows how return predictability affects
the optimal dynamic portfolio choice. In particular, when ¥ = I, the factor returns reduce
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to the i.i.d. case, so the current deviationﬁ has no predictive power for future factor returns.
In this case, Jx = 0, and the FIN component reduces to Hyu.

Third, Theorem 2.1 provides explicit recursive formulas for calculating the parameters in
Equation (6). In practice, investors can calculate the portfolio weights using the backward
recursion formulas (7)-(20). To illustrate this result further, we now consider several special
cases of our framework.

Special Case 1: No Transaction Cost. If ¥ = I and there are no transaction costs, i.e.,
A = 0, the optimal investment strategy in Equation (6) reduces to

1
Ug = y2(1 + #)2T=k=Dx,
x[[d0 = pF 4 pe+ NI 27k a4 HTH 2] @

In this case, investors can calculate the optimal weights using Equation (21) directly without
relying on the recursive formulas in Theorem 2.1.

Equation (21) has the following implications. First, Equation (21) contains only two com-
ponents: the ESG component, £ ~lg;, and the FIN component, £~!4. This is consistent
with the results in Jiao and Liu (2025, Remark 3.3). In particular, the third component in
Equation (6) - the PRE component - vanishes, thanks to the absence of transaction costs. Sec-
ond, the FIN component, -1 1, coincides with the optimal portfolio weights that maximize
the Sharpe ratio; see, for example, Lo et al. (2024).

Third, the ratio of the coefficients before the ESG and FIN components in Equation (21)
is

coefficient of the ESG component  d(1 — P+ e+ )Tk

coefficient of the FIN component (14 )T=k=1y
k
d[(1—p)A++)]
= (22)
y (14 #)T-1

This implies that the relative proportion of the ESG component in the optimal weight
increases with respect to the excess return parameter brought by ESG ¢ as well as the ESG
preference parameter in the exponential utility function d, while it decreases with respect to
the pecuniary preference parameter y .

Finally, Equation (22) reveals how the proportion of the ESG component changes over
time k. In particular, if p is sufficiently small such that (1 — p)(1 + #) > 1, the ratio in
Equation (22) increases with k, implying that investors place greater emphasis on ESG
over time. By contrast, if p is large such that (1 — p)(1 + ) < 1, the discounted value of
future ESG performance in the exponential utility function, Equation (5), diminishes, lead-
ing investors to prioritize ESG in the short run, and the ratio in Equation (22) decreases over
time.

Special Case 2: Scalar Matrices. Assume that ¥ = I and all of the matrices in our frame-
work are scalar multiples of the identity matrix. That is, there exist positive constants w, 4,
¢, and ¢ such that Q = wl, A = AI, ® = ¢I,and £ = ¢*I. In this case, the optimal weight
given by Theorem 2.1 takes the form

U X WESG k8k + WFIN kM + WPRE kUk—1> (23)

where the scalars wgsg k., WriN k> and wpRrg k represent the relative proportions of the three
components in the optimal weight. Thus, the optimal portfolio weight is a linear combination
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Figure 1. The proportions of the three components in Equation (23) vary with the pecuniary preference
(). @) Wrink; (b) Wesg k; and (€) Wpge .

of three vectors - g, u, and uj_1, corresponding to the ESG score, the financial performance,
and the previous-period weight, respectively.

Although the assumption that all matrices are scalar multiples of the identity is strong,
it provides useful intuition about the optimal solution in Theorem 2.1 due to its simplicity.
We adopt this assumption in the numerical analysis in the following section for illustrative

purposes.’

3. Numerical analysis

In this section, we conduct a numerical analysis to study the impact of parameters on the
solution given by Theorem 2.1. We assume that Special Case 2 described in Section 2.3 holds,
and examine how wgsg k, WriNk> and wprgk in Equation (23) change with respect to the
model parameters.

In our numerical analysis, we set the parameter values as follows: ¢ = 0.2, w = 0.1, ¢ =
0.3, p = 0.1, ¢ = 0.015, ¥ =0.02, and T = 10. We focus on the impact of the pecuniary
preference y, the ESG taste d, and the transaction costs 4. Given these parameters, we use
Theorem 2.1 to obtain the optimal portfolio weights for each period. We standardize the three
components WgsG k> WEIN k> and wpgrg x so that they sum to one for better illustration. To avoid
notational confusion, we denote the standardized component proportions by Wgsg k> WrIN k>
and WpRg k. respectively.

Figures 1, 2, and 3 illustrate the impact of the pecuniary preference y , the ESG taste d, and
the transaction costs 4, respectively. In Figure 1, we fix d = 0.1 and 4 = 0.05%; in Figure 2,
we fix y =1 and 4 = 0.05%; and in Figure 3, we fix d = 0.1 and y = 1. The figures show
that, as y, d, and 1 change, the allocation of portfolio components adjusts accordingly.

From Figure 1, as the pecuniary preference y increases, both the FIN component (wgN )
and the PRE component (wpgg k) increase, while the ESG component (wgsg x) diminishes.
Conversely, Figure 2 shows that as the non-pecuniary preference d increases, both the FIN
and PRE components decrease, while the ESG component rises. This is intuitive because
when the pecuniary preference y is larger, the investor pays more attention to traditional
financial goals, whereas when the non-pecuniary preference d increases, the investor assigns

5 The assumption A = Alis used by Garleanu and Pedersen (2013). They also adopt an assumption similar to @ = ¢/ for factor
returns. The assumption Q = wl can serve as a good approximation when the dynamics of ESG scores are homogeneous and
uncorrelated between different stocks. The last assumption, £ = o2/, generally does not hold. However, as discussed in Lo
etal. (2024, Proposition EC.5) and Lo and Zhang (2024, Proposition A.2), if investors focus only on residual returns beyond the
factors, & = o2/ approximately holds.
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Figure 3. The proportions of the three components in Equation (23) vary with the transaction costs (1). (a)
WriNk; (B) WesG k; and (c) Wege k-

greater weight to ESG considerations. We also note that the PRE component is relatively
small because the transaction costs are modest (4 = 0.05%) compared with the return and
ESG objectives. Therefore, the incentive to retain last-period weights is weaker, leading to a
lower proportion of the PRE component.

Figure 3 further demonstrates that as the transaction costs /4 increase, the optimal portfolio
becomes more inclined to retain previous weights, which reduces both the FIN and ESG
components. The rationale is that maintaining previous weights lowers portfolio turnover,
thereby reducing transaction costs.

Finally, from Figures 1-3, we also observe that the proportions of the three components
fluctuate over time, reflecting the dynamic interplay between financial and non-financial
considerations in investment decision-making. In particular, under the parameter setup of
our numerical analysis, as time k progresses, both the FIN and PRE components increase,
while the ESG component decreases. This finding aligns with the results of Special Case
1 in Section 2.3, which indicate that when (1 — p)(1 + #/) < 1, investors focus more on
ESG in the short run, but shift their attention to financial returns as the investment horizon
approaches its end.®

4, Empirical study

In this section, we illustrate our results empirically using data from the U.S. stock market.
We obtain ESG scores from the LSEG database, which is one of the most comprehensive ESG

6 In our numerical analysis, we set p = 0.1and r’ = 0.02, which implies (1 — p)(1 +rf) = 0918 < 1.
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Figure 4. Number of stocks with valid ESG Combined Scores in our dataset and the cross-sectional average
values of the ESG Combined Scores for each year. (a) Number of stocks. (b) Average ESG Combined Scores.

datasets in the industry,” and construct annually rebalanced portfolios based on ESG scores
to evaluate their financial performance. Sections 4.1, 4.2, and 4.3 show the summary statis-
tics of our dataset, the portfolio construction methodology, and the portfolio performance,
respectively.

4.1. Data description

The LSEG dataset provides annually updated ESG measures for around 3,000 U.S. companies
from 2002 to 2024. We use the ESG Combined Score - an overall company score based on
reported information in the environmental, social and corporate governance pillars of the
LSEG dataset — as our measure of ESG performance. For each company in each year, the ESG
Combined Score ranges from 0 to 100, with higher values implying better ESG performance.

We obtain monthly dividend-adjusted return data for U.S. companies from 2000 to 2024
from the CRSP dataset.® We also obtain monthly Fama-French five-factor (Fama & French,
2015) data from Kenneth R. French’s website.” These Fama-French five factors serve as the
factor vector fi in Equation (1).

For each year k, we match stocks with valid ESG Combined Scores in year k and valid
monthly returns in year k+ 1. Figure 4(a,b) show the number of stocks with valid data!”
and the cross-sectional average ESG scores by year k, respectively. Figure 4(a) shows that the
number of stocks in our sample generally increases, particularly after 2015 and before 2020,
indicating greater coverage over the study period.

Figure 4(b) presents the cross-sectional average ESG Combined Scores for each year. We
find that the average ESG Combined Score generally increases over time, likely as a result
of improvements in energy efficiency, technological innovation, or a growing reliance on
renewable energy sources. This pattern is consistent with observations documented in the
literature, for example, Bolton and Kacperczyk (2021) and Lo et al. (2022).

7 The LSEG database was previously known as Refinitiv. See https://www.Iseg.com/en/data-analytics/financial-data/company-
data/esg-data.
8 We obtain the CRSP data through the Wharton Research Data Service.
9 See https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html.
10 The data for 2024 are not included in the figure because, although the ESG Combined Scores for 2024 are available in the
LSEG dataset, the monthly returns for 2025 have not yet been updated in the CRSP dataset.


https://www.lseg.com/en/data-analytics/financial-data/company-data/esg-data
https://www.lseg.com/en/data-analytics/financial-data/company-data/esg-data
https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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Table 1. Cross-sectional average of ESG Combined Scores for each year in our dataset.

year 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012
mean 28.78 29.35 32.96 36.39 37.11 43.70 49.08 51.80 53.35 5535 55.00
std 15.05 14.49 15.00 18.03 18.42 18.02 19.09 20.34 19.47 18.80 18.47
first quartile 17.13 18.28 224 22,59 22,58 29.93 3534 34.70 3791 42.03 41.62
median 26.19 26.09 31.13 32.63 34.27 41.16 4834 52.00 51.94 55.19 57.15
third quartile 39.47 39.28 41.79 47.31 48.14 56.05 62.39 68.82 69.08 69.33 69.14
year 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023
mean 55.40 55.10 57.94 60.39 62.01 63.02 64.87 66.40 69.31 68.90 67.83
std 18.50 18.36 17.73 16.53 16.33 16.19 15.56 15.15 13.32 13.29 13.14
first quartile 42.63 41.16 4511 47.73 51.20 52.04 55.01 58.46 61.88 62.33 61.34
median 57.18 56.95 60.04 62.03 63.23 64.99 67.48 69.65 70.62 7132 69.54

third quartile 69.31 69.54 71.70 71.74 74.76 74.47 76.19 77.60 78.90 78.78 77.60

Table 1 shows the annual cross-sectional average (mean), standard deviation (std), first
quartile, median, and third quartile over our study period. We observe that both the average
and median ESG Combined Scores increase gradually, reflecting steady improvements in
ESG performance.

4.2. Portfolio construction

We construct annually rebalanced long/short ESG dynamic portfolios based on ESG Com-
bined Scores, including the multi-period dynamic portfolios proposed in this paper, their
single-period counterparts, and constrained mean-variance portfolios commonly used in the
sustainable-investing literature (Lo et al., 2022; Péstor et al., 2021; Pedersen et al., 2021). The
portfolio construction methods are as follows.

Multi-Period Portfolios. The dynamic long/short portfolios are constructed using the
portfolio weights given by Theorem 2.1. We estimate the factor loadings (B), the long-run
mean of factor returns (f ), the mean-reversion coefficient matrix of factor returns (¥'), the
covariance matrix of factor innovations (Xr), and the diagonal covariance matrix of residu-
als (Z.) based on the monthly return data of the previous three years.11 Then, we compute
1 = Bf as described in Section 2. We set ® = 0.3 and Q = 0.1I based on estimates from
ESG scores, and A = 0.05%I, to account for brokerage commissions, bid-ask spreads, and
regulatory fees. In addition, we set #/ = 2%, p = 0.1, and ¢ = 0.015.!% Because the ESG
Combined Score ranges from 0 to 100, for each year, we standardize them by subtracting
the cross-sectional average and dividing by the cross-sectional standard deviation. We set g
equal to these standardized ESG scores.

Single-Period Portfolios. To isolate the contribution of the multi-period dynamic mech-
anism, we also construct a single-period version of our portfolio. This portfolio is computed
using the same model specification, parameter estimates, and ESG scores as the dynamic
portfolio, but with the investment horizon set to T = 1. Thus, it optimizes only the current-
period objective and does not take into account the future evolution of ESG scores, factor
returns, or the effect of current trading on future transaction costs. The comparison between

" The long-run mean of factor returns (f), the mean-reversion coefficient matrix of factor returns (¥), and the covariance
matrix of factor innovations (Xr) are estimated from the autoregressive model of factor returns. The factor loadings (B) and
the diagonal covariance matrix of residuals (X.) are estimated via ordinary least squares regressions for each stock.

12 As estimated by Lo et al. (2022), the correlation between ESG scores and stock returns takes values of around 1.5%.
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the dynamic and single-period portfolios therefore highlights the incremental value of solv-
ing the globally dynamic optimization problem rather than repeatedly applying a one-period
rule.

Constrained Portfolios. As an additional benchmark, we follow the constrained
long/short optimization framework proposed by Lo et al. (2022). Unlike single-period
portfolios, constrained portfolios incorporate ESG preferences through an explicit portfolio-
level ESG constraint and impose additional practical constraints, including full investment
and position limits. For each year, we consider the following constrained mean-variance
optimization problem:

T T
n}iX U o — Suy Zuy,

rn
Zu;{ =1,
i=1

subject to lul <z, i=12...,n
n
i
D gk s,
L i=1

where 4 and X are estimated in the same way as for the multi-period portfolio; ¢ is the risk-
aversion tuning parameter, which, without loss of generality, is set to 10; 7 is the maximum
weight for each stock, set to 10% (Lo et al., 2022; Pysarenko et al., 2019); and s is the threshold
that controls the minimum average level of the ESG score of the portfolio, set equal to that
of the dynamic portfolio.

By comparing the multi-period portfolio with the single-period portfolio, we can iso-
late the value of the multi-period optimization mechanism. Since these two portfolios are
based on the same objective function, parameter estimates, and ESG information, their per-
formance difference reflects the benefit of taking into account the future evolution of ESG
scores and factor returns, as well as the intertemporal impact of current trading decisions
on future transaction costs. By further comparing these two portfolios with the constrained
portfolio, we can evaluate how our utility-based ESG integration differs from a conven-
tional constrained ESG investment rule. In particular, the constrained portfolio incorporates
ESG preferences through an explicit minimum ESG-score constraint in a one-period mean-
variance problem, whereas our model incorporates ESG scores directly into the investor’s
multi-period objective. Therefore, this comparison helps assess whether the proposed frame-
work provides additional economic value relative to both its own single-period counterpart
and a widely used constrained mean-variance benchmark.

All model parameters are estimated using a rolling window of the preceding three years of
data, and the portfolio investigation period spans from 2003 to 2024. As a robustness check,
we repeat the analysis using a five-year estimation window and an investigation period from
2005 to 2024.

Finally, we note that our empirical design explicitly ensures comparability between the
multi-period and constrained portfolios in terms of ESG exposure. In particular, the ESG
constraint in the static mean-variance optimization is chosen so that the minimal aver-
age portfolio ESG score s matches that of the corresponding multi-period portfolio. This
design guarantees that the two portfolios are comparable along the ESG dimension, which is
observable at the portfolio rebalancing date.
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Table 2. Performance measures of the multi-period portfolio, the single-period portfolio, and the con-
strained portfolio under different parameter setups.

setup d=101y =1 d=01y =10

portfolio multi-period single-period constrained multi-period single-period constrained
return 9.13% 9.23% 6.01% 10.73% 10.44% 9.17%
std 20.90% 26.39% 19.34% 13.86% 14.04% 13.93%
SR 0.3652 0.2929 0.2333 0.6652 0.6361 0.5500
MDD 48.73% 62.70% 53.90% 26.87% 24.78% 28.58%
a 0.18% 0.40% —3.12% 0.29% 0.19% —0.50%
TE 1.24% 1.61% 1.08% 0.61% 0.65% 0.69%
IR 0.0097 0.0160 —0.1880 0.0310 0.0191 —0.0471
ESG 7.6250 8.2525 7.6250 49883 5.2038 49883
setup d =005y =1 d=0,y =1

return 9.64% 9.26% 7.56% 11.16% 11.00% 9.49%
std 16.29% 18.15% 16.40% 13.64% 13.61% 13.43%
SR 0.4993 0.4274 0.3695 0.7069 0.6967 0.5945
MDD 25.77% 36.77% 36.26% 31.55% 30.84% 30.73%
a 0.15% 0.02% —1.73% 0.31% 0.24% —0.41%
TE 0.89% 1.04% 0.89% 0.54% 0.54% 0.63%
IR 0.0110 0.0013 —0.1259 0.0375 0.0288 —0.0426
ESG 6.4947 7.0274 6.4947 4.4051 44311 4.4051

In contrast, it is generally infeasible to impose an ex ante constraint that equalizes realized
portfolio risk across models, because future return volatility is not directly observable at the
time of portfolio construction and may evolve endogenously with portfolio dynamics. As a
result, rather than enforcing equality in realized risk, we evaluate portfolio performance using
risk-adjusted measures such as the Sharpe ratio, factor-adjusted alpha, and information ratio.
These metrics provide a natural and economically meaningful basis for comparing portfolios
with potentially different realized risk profiles.

4.3. Portfolio performance

Table 2 reports the performance of four multi-period portfolios and four single-period port-
folios under different parameter setups, as well as the corresponding constrained portfolios
with the minimum ESG level s the same as that of the multi-period portfolio. In particu-
lar, we report their annualized return (return), standard deviation (std), Sharpe ratio (SR),
maximum drawdown (MDD), alpha () and tracking error (TE) with the Fama-French five-
factor model as the benchmark, information ratio (IR), and the average standardized ESG
score (ESG).13

For all portfolios, realized portfolio wealth and performance measures are computed
after deducting the same quadratic transaction costs specified in Equation (4), using A =
0.05%I. Thus, although the constrained portfolio and single-period portfolio benchmarks do
not internalize transaction costs in their one-period optimization problems, their reported
performance is evaluated net of the same transaction costs as the multi-period.

We have the following observations from the results of the four parameter setups in
Table 2. First, the multi-period portfolios generally outperform the corresponding single-
period and constrained portfolios in terms of Sharpe ratios, alphas, and information ratios,
highlighting the value of the dynamic ESG framework. For example, when (d, y) = (0.1,1),

13 The portfolio alpha is the intercept from the Fama-French five-factor regression, and the tracking error is the standard
deviation of the regression residuals. The information ratio is defined as the ratio of alpha to the tracking error.
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Figure 5. Cumulative wealth of the optimal portfolios.

the multi-period portfolio earns a Sharpe ratio of 0.3652, compared with 0.2929 for the
single-period portfolio and 0.2333 for the constrained portfolio. Second, the comparison
between the multi-period and single-period portfolios shows the benefit of the multi-period
optimization mechanism, since both portfolios are based on the same model but differ in
the investment horizon. Third, comparing the first two setups, we find that a higher pecu-
niary preference (y = 10) leads to better financial performance but a lower ESG score than
when y = 1. In particular, when y = 10 (y = 1), the multi-period portfolio earns a Sharpe
ratio of 0.6652 (0.3652) and an average ESG score of 4.9883 (7.6250). Finally, examining the
first (d = 0.1), third (d = 0.05), and fourth (d = 0) setups, we observe that a higher ESG
taste results in higher ESG scores but weaker financial performance. For example, the multi-
period portfolio with d = 0 (d = 0.1) earns a Sharpe ratio of 0.7069 (0.3652) but an average
ESG score of 4.4051 (7.6250). Figure 5 shows the cumulative wealth of the four multi-period
portfolios, with initial wealth normalized to 1. Consistent with the performance metrics
in Table 2, portfolios with higher pecuniary preference (y) or lower ESG taste (d) deliver
stronger financial performance.

Figure 6 illustrates how the Sharpe ratio and the average ESG score of the multi-period
portfolio change with the model parameters. The horizontal and vertical axes represent the
ESG taste (d) and the pecuniary preference (y ), respectively, while the color scale corre-
sponds to the Sharpe ratio in (Figure 6(a)) and the average ESG score in (Figure 6(b)) of
the multi-period portfolio. We observe that as y increases and d decreases, the Sharpe ratio
increases while the average ESG score decreases. These results are consistent with those in
Table 2 and Figure 5, highlighting the important trade-off between financial performance
and ESG performance. As a robustness check, we repeat the portfolio construction proce-
dure using a longer estimation window: instead of estimating the model parameters from
the previous three years of monthly data, we use the previous five years. Table 3 reports the
corresponding performance results. The main conclusions remain unchanged: multi-period
portfolios continue to outperform the corresponding single-period and constrained portfo-
lios in terms of risk-adjusted performance, and the comparative statics with respect to y and
d are qualitatively consistent with those reported in Table 2.
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Figure 6. The Sharpe ratio and average ESG score of the multi-period portfolio under different parameter
setups. (a) Sharpe ratio. (b) Average ESG score.

Table 3. Performance measures of the multi-period portfolio, the single-period portfolio, and the con-
strained portfolio under different parameter setups using five-year data to estimate model parameters.

setup d=01y =1 d=01y =10

portfolio multi-period single-period constrained multi-period single-period constrained
return 9.32% 9.24% 9.29% 9.70% 9.56% 9.67%
std 14.88% 15.51% 18.00% 14.21% 14.20% 16.88%
SR 0.5270 0.5011 0.4339 0.5780 0.5691 0.4851
MDD 24.51% 24.35% 36.66% 33.64% 31.12% 41.15%
o 0.69% 0.97% —2.11% 0.03% 0.10% —1.61%
TE 0.79% 0.88% 0.86% 0.56% 0.60% 0.66%
IR 0.0619 0.0773 —0.1727 0.0033 0.0120 —0.1715
ESG 53527 5.7412 5.3527 4.1648 4.3855 4.1648
setup d =005y =1 d=10,y =1

return 9.45% 9.33% 9.44% 9.83% 9.73% 9.79%
std 14.41% 14.86% 17.45% 14.32% 14.26% 16.73%
SR 0.5527 0.5286 0.4564 0.5825 0.5781 0.4968
MDD 26.86% 24.47% 38.41% 36.59% 36.12% 42.33%
o 0.41% 0.66% —1.90% —0.12% —0.17% —1.46%
TE 0.69% 0.78% 0.78% 0.51% 0.52% 0.61%
IR 0.0413 0.0593 —0.1725 —0.0169 —0.0235 —0.1675
ESG 4.8821 5.2913 4.8821 3.8493 3.8794 3.8493

5. Conclusion

In this article, we develop a stochastic control framework for constructing optimal multi-
period dynamic ESG portfolios that explicitly account for both financial returns and sus-
tainability objectives. Our theoretical solution shows that in each period, the optimal weight
can be decomposed into three components: a financial component reflecting expected
returns, an ESG component reﬂecting current and future sustainability considerations, and
a last-period-weight component reflecting past allocations to reduce transaction costs. This
decomposition highlights the trade-oft faced by sustainable investors between profitability,
greenness, and cost efficiency.

The numerical results provide further insights into the structure of the optimal portfolios.
We find that stronger pecuniary preferences increase the role of the financial and last-period-
weight components, while stronger ESG preferences tilt the portfolio more toward greener
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assets. Higher transaction costs increase the weight placed on the last-period-weight compo-
nent, thereby reducing turnover. These results clarify how investors’ preferences and market
frictions shape the dynamic balance between financial and non-financial objectives.

Our empirical analysis using U.S. stock market data confirms the advantages of the
dynamic approach. Portfolios constructed under our framework deliver higher Sharpe
ratios and larger alphas than both their single-period counterparts and comparable ESG-
constrained portfolios. The empirical evidence demonstrates that explicitly incorporating
the dynamics of ESG scores and transaction costs allows investors to improve both financial
performance and sustainability outcomes. We also show that the trade-off between financial
performance and ESG performance can be systematically adjusted by tuning the preference
parameters, offering a flexible tool for investors with heterogeneous objectives.

Beyond the quantitative results, our findings have several broader implications. First,
dynamic management of ESG portfolios is essential because repeated static optimization
may ignore important intertemporal links between ESG scores, financial returns, and trad-
ing costs. Moreover, our framework shows that the trade-off between financial performance
and sustainability can be made explicit and adjustable, which provides a transparent tool for
investors with heterogeneous objectives. In addition, the decomposition of the optimal strat-
egy into financial, ESG, and persistence components offers a clear structure for reporting and
governance, making it easier to communicate how portfolio choices align with both financial
goals and sustainability commitments.

Overall, our results contribute to the literature on both sustainable investing and dynamic
portfolio theory, and provide practical guidance for investors who seek to balance long-term
financial goals with sustainability considerations. Our framework also suggests several direc-
tions for further exploration. An important extension would be to incorporate time-varying
ESG preferences, reflecting shifts in ESG attitudes or regulatory requirements, and to analyze
how such changes affect long-term allocation. It would also be useful to study how our frame-
work interacts with different ESG rating methodologies, given the increasing diversity and
inconsistency across data providers (Avramov et al., 2022; Christensen et al., 2022). These
extensions would not only deepen the theoretical foundations of dynamic ESG investing, but
also enhance its practical relevance in evolving markets.
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Appendix

In this appendix, we provide the proof of Theorem 2.1 in our main paper.

Proof of Theorem 2.1: The optimization problem in Equation (5) can be solved using dynamic
programming. Specifically, Bertsekas (2012, Exercise 1.7) shows that the optimal solution uy

can be obtained using a dynamic programming algorithm. The value function is denoted by
Vi (Xk> Uk—1> Xk—1> k> fx)- It satisfies the boundary condition

Vr(xr, Ur—1, X171, 87, fT) = =7 XT (A1)
and the recursive formula
Vk (Xk, Uk—1> xk—hgk:fk)

= min {—d(l — p)*xgl uk + InEx [eXP (Vk+1(xk+1> uk,xk,gk+1)ﬁ+1))]} , (A2)

with E¢(-) denoting the conditional expectation given all information available up to and including
time k.
We claim that the value function is given by

Vi k1, X1, G i) = =7 (1 + )T+ o Ayer + £7 Sific + 2¢ Exfi
+ xi_lu,;r_lBkuk_l + 2xk_1u,;r_1Ckgk + Zxk_lu;—_lkak
+ 20" D] gk + 20 T Lific + 2541 pt ' F gy + g (A3)

We prove that Equation (A3) satisfies both Equations (A1) and (A2) using backward induction. At time
k = T, Equation (A3) reduces to Equation (A1). Now suppose that Equation (A3) holds at time k + 1.
We show that it is the solution to Equation (A2) at time k.

Let

T—k—1
k= XU Yk = Xk—1the1,  ax =7 (1+7) ,
and write

G =T = D)g,  fiyr = ([ — V).
By Equations (2), (4), and (A3), the deterministic part of the exponent in Ej[exp(Viy1)] is

_ - 1 B
=y ) — gl (i + B + eg) + 57 (L4 @ =y T A — 0

+ G Ak 8k fiSkrifiert + 280 Bt fia + 2 Br 2

+ 2ZkTCk+1§k+1 + ZZkTKkH]_CkH + ZﬂTD;ngkH + 20 L1 fier + 2ﬂTF1;r+1Zk + hiy1.
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The residual return shock ey gives

1
Ex [exp (—ukekTsz)] = exp (E“iszzezk) . (A4)

It remains to evaluate the expectation with respect to 7541 and k4. Using the notation in the theorem
with the index k + 1, define

A{<+1 = Uzk+12k + Ugkt18k + Urk+1fk + Up k144

The terms involving 7. are

T f T T
My 1 Sk+1 k1 + 2 (Ak+1 + Ek+18k+1) Mh+1-
By the moment generating function of the quadratic form of a normally distributed random variable,
T f T T
Ex [ exp | #p 1 Skt17k4+1 + 2 (Ak+1 + Ek+18k+1) M1 ) | €kt
1/2 12|73 f Tf f
- ‘1 —231281 3512 exp (z (AkH + E,ngkﬂ) N, (Ak+1 n E,IHHHI)) . (A5)

After this step, the remaining exponent is quadratic in ex4. It can be written as

T 7 T
Epyr1Akt16k4+1 + Z(Aiﬂ) Ek+1>
where

Aiﬂ = Wekr12k + Wekr18k + Wrks1fk + Wi k11
Applying the same Gaussian formula to g gives

Ex [exp (8kT+1‘Xk+1€k+1 + Z(Aiﬂ)TSk“)]
T8 4
NiaAfn)- (A6)

Combining Equations (A4)-(A6) with the deterministic terms above, adding the current-period ESG
term in Equation (A2), and collecting the coefficients of zx = xxuy, we obtain

~ 1
= [1 - 20221 Q2| % exp (205, )

Vie (X ti—15 Xk—15 L fi)

|1 _ ~ _ T
= min [5 [Zk -qQ! (Pkgk + Hipt + Jific + yiy 1+ #)T kA)] Qk

x [2 = Q7" (Pugi+ Hire + I + yiy (1 +) 1A )
— yx(+ ) + gl Avge + £ Sk + 28 Exfie

+ xi_lu,j_lBkuk_l + 2xk_1ukT_1Ckgk + 2xk_1ukT_1Kkﬁ
+2u1 " D gk + 20" Liffi + 2xk1 p " FL ugmy + hk} ,

where the matrices Qx, Pk, Hi, Jk» Ak> Sk> Ex> Bk> Ck» Ki» Dy, Lk, F and by, are exactly those given by the
backward recursions in the theorem. Since Qy is positive definite, the minimum is attained at

z7= Q' (Pkgk + Hypt + Jifi + xk1y (14 Vf)T_kAuk-l) .

Because zj = xxuk, the optimal solution is Equation (6), and the value function is given by
Equation (A3). This proves the result. [ ]
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